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Abstract
We present in this report a summary of the research supported by the AFOSR during the period
May 1 1997 to December 31 2000 on the formulation and analysis of integration algorithms for
different dynamical systems in solid mechanics. The main goal is the development of robust time-
stepping algorithms with improved stability properties in the fully nonlinear range in this type of
systems. In this way, we have developed new time-stepping algorithms for the integration of the
equations defining the contact/impact of solids that preserve the physical conditions of energy con-
servation for the normal contact interactions and of energy dissipation for the tangential frictional

'As improving considerably on the performance of existing schemes. The algorithms also exhibit
ti_'. conservation laws of linear and angular momenta of the physical system by construction. We
have also developed new arbitrary Eulerian-Lagrangian finite element methods for the analysis
of finite deformation problems in solid mechanics, with a direct application to the Lagrangian
treatment of viscous fluids. This extension allows the analysis of fluid-structure interfaces through
the Lagrangian contact logic previously developed. Similarly, we have developed new integration
algorithms for nonlinear ela~stodynamics that exhibit the controllable high-frequency dissipation
required to handle the high numerical stiffness characteristic of the mechanical systems of interest.
The numerical properties of the newly developed algorithms have been supported with rigorous
mathematical analyses and evaluated through their implementation in the framework of the finite
element method. Additional tools, like the formulation of new enhanced strain finite elements
for finite deformation problems and a new contact sorting/search data structure for the efficient
analysis of multi-body elastic systems, have been developed as needed in the solution of the highly
nonlinear problems of interest in this work.

KEY WORDS: frictionless and frictional contact of solids, nonlinear elasto-
dynamics, energy-momentum conserving algorithms, numer-
ical stiffness, high-frequency dissipative time-stepping algo-
rithms, finite element method, ALE methods.
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1. Research Goals

The research considered in this project addresses the formulation, analysis and im-
plementation of numerical methods in solid mechanics. The two specific applications of
interest are the dynamic contact of elastic solids and fluid-structure surface interactions,
accounting specifically for their unilaterally constrained character. Physically significant
properties (like conservation of momenta, or frictional dissipation) are translated into
mathematical properties of the governing equations and of the resulting continuum dynam-
ical system (like the rich geometric structure of the system of elastodynamics including
the so-called momentum maps in the presence of symmetries). The approach proposed
in this project views the numerical scheme as defining a discrete dynamical system whose
properties are to be analyzed. The comparison of these properties with their continuum
counterparts (e.g. conservation laws) leads to the identification of improved integration
algorithms. Given the sound theoretical basis of this approach, the newly developed nu-
merical methods exhibit the robustness necessary to deal with the complex problems of
interest to the Air Force mission.

Both Hamiltonian and dissipative dynamical systems are considered. In the case of
dynamic contact of solids, the first goal is the development of conserving numerical schemes
for the enforcement of the unilateral constraint of non-penetrating solids, continued by the
development of dissipative schemes for the resolution of the tangential frictional interac-
tions between the solids. All the schemes must preserve exactly the linear and angular
conservation laws characteristic of the dynamical systems with symmetry under investiga-
tion. Emphasis is given to both the rigorous analysis of the numerical properties of new
schemes, as well as to the development of an efficient computational structure for their
numerical implementation. The problems of interest common to many Air Force applica-
tions involve multiple bodie-j in contact (e.g., fragmentation). Motivated by the need of
numerical efficiency in the -'csolution of these systems, the goals of this project includes
the implementation of the newly developed contact algorithms in an efficient contact sor-
rting/searching data structure.

In addition, this research project includes investigating the application of these ideas
to the analysis of fluid-structure interactions. These systems are viewed as constrained
dynamical systems, with two independent sub-systems (the fluid and the solid) constrained
by the interface conditions. These fluid problems involve large strains necessarily, leading
to an unacceptable distortion of the spatial discretizations (e.g., finite element meshes) if a
fully Lagrangian approach is considered. A numerical solution becomes the impossible to
obtain. This limitation motivates the development of new arbitrary Lagrangian-Eulerian
(ALE) finite element methods that can avoid this mesh distortion and accommodate at
the same time the methods developed previously for contact problems for the resolution
of the fluid-solid interfaces.

During the work in this grant, and given the success in the development of energy-
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momentum time-stepping algorithms for dynamic contact problems, we identified the for-
mulation of numerical schemes for general nonlinear elastodynamics that exhibit a control-
lable energy dissipation in the high-frequency range as a new and very important objective
of the current research effort. This goal was not present in the original proposal of this
grant. The main objective is the development of time-stepping algorithms that are able to
handle the high numerical stiffness of the systems of interest. The numerical instabilities
observed when using existing numerically "dissipative" schemes (usually developed and
analyzed in the linear range) emphasizes the need to develop these schemes in the nonlin-
ear range. The main issue is the introduction of -U'lis controllable numerical dissipation in
the high-frequency response only, maintaining the second or higher order accuracy of the
method and, more importantly, the qualitative features of the phase dynamics (e.g., mo-
mentum conservation laws and the associated relative equilibria). The need for this type
of dissipative schemes in the full geometrically nonlinear range is clear given the many
practical applications of interest in structural dynamics.

The different algorithms developed in this project have been implemented in the con-
text of the finite element method. In particular, the need of finite element formulations
that avoid volumetric and shear locking while being stable (in the sense that they avoid
hourglassing) in the fully nonlinear finite deformation range has motivated the develop-
ments of new mixed/enhanced finite element formulations. These developments include
complete mathematical analyses of the new and existing methods in the general context
of finite strain elastoplasticity.

2. Research Accomplishments

We present in this section a summary of th;, research accomplishments obtained in
this project, addressing the objectives describer in the previous section as identified in
the original proposal. Complete references to the publications where they appeared are
included (see list in page 12 of this report).

The major results accomplished under this project can be summarized as follows:

1. The formulation of energy-momentum conserving algorithms for frictionless contact
[6,11, 20]. A new time-stepping scheme has been developed for the numerical re~olu-
tion of the displacement contact constraint that does not lead to an energy increase of
the system, in contrast with traditional schemes. The method is based on a penalty
regularization of the problem, and results in full energy restoration upon release, that
is, upon deactivation of the penalization potential. These properties arise from the
proper definition of the gap between the solids and a conserving approximation of the
contact pressure. Both linear and angular momenta are conserved.

2. Imposition of the velocity constraints. [6, 11, 20]. During persistent contact, not only
the normal component of the displacement of the points in contact is constrained
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to be the same, but also their normal velocity. We have developed an extension of

the numerical scheme of the previous item that enforces this constraint and preserves

the conservation properties of the scheme. A new mass-penalization scheme has been

developed to this purpose, with an augmented Lagrangian variant enforcing exactly

the constraint.

3. Contact schemes with controllable numerical dissipation [6, 11, 20]. Continuing with
the previous item, a variant exhibiting a controllable numerical (positive) dissipation

has been developed. Numerical experiments have shown that the resulting numerical
scheme is especially appropriate for the resolution of the contaý, intervals in short-

term simulations of high-velocity impacts, avoiding the typical oscillatory (and even
unstable) response associated to traditional implicit schemes in resolving this type of
problems.

4. A new dissipative numerical scheme for frictional contact [5, 10,18]. We have de-
veloped a new time-stepping algorithm for the integration in time of the frictional
interactions between solids that leads to a positive energy dissipation, in contrast with
more traditional schemes. The method is based on a new time integration of the
relation defining the slip between the contacting surfaces, as well as the definition of
the tangential forces between the solids through a trial/corrector scheme. The contact
contributions are again linear and angular momentum conserving. The method has
been implemented in combination with the numerical schemes developed previously
for the normal contact component, leading altogether to (energy) stable schemes very
appropriate for the long-term simulation of multi-body systems.

5. Development of an efficient contact detection scheme [17]. The previously developed
methods have been implemented in the framework of the finite element method. In
particular, we have developed a complete computational structure for tjhe efficient (and
stable) long-term simulation of multi-body systems. The numerical- implementation
consists of two phases: contact sorting and searching. The contact logic involves
primary structures (like bodies, surfaces, facets and particles) and secondary or derived
structures (like body/particle pairs). The sorting phase is based on a binary space
partition (BSP) scheme, and identifies the active body/particle pairs. The searching
phase identifies through the closest-point projection the actual facet/particle pairs in
contact. Numerical tests confirm a substantial improvement in the computational cost:
0 (N log N) versus 0 (N 2 ) of a non-sorted contact search (N = number of bodies).

6. Complete analyses of existing "dissipative" schemes [4, 15, 16, 21]. We have performed
rigorous analyses of the time-stepping algorithms commonly used in continuum and
structural dynamics (Newmark and HHT families of schemes). These schemes were
developed to exhibit high-frequency dissipation and unconditional stability in the lin-
ear range. These analyses not only identify the lack of this dissipative character of the
schemes in the nonlinear range, but also the fundamentally incorrect qualitative dy-
namics obtained by them. The analyses were performed for the simple model problem
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of a nonlinear spring/mass system rotating around a central fixed point. In this con-

text, we have shown the non-existence of relative equilibria in the discrete dynamics,
except for the trivial static equilibrium, thus missing completely the phase portrait

of the dynamical system (relative equilibria in this case correspond to pure rotations
with no axial oscillations in the elastic spring).

7. New high-frequency dissipative time-stepping algorithms for nonlinear continuum elas-

todynamics [3, 4, 9, 14, 15, 21]. We have developed a new class of time-stepping algo-
rithms for nonlinear continuum elastodynamics that exhibit numerical high-frequency
dissipation, while maintaining fundamental qualitative properties of the dynamics of
the system. More specifically, the linear and angular momenta conservation laws, as
well as the corresponding relative equilibria, are exactly preserved. We have proven
these properties in the general context of nonlinear elastodynamics. We have de-

veloped first and second order schemes, with a complete control of the numerical
dissipation introduced in the simulations (e.g. zero if desired) through the consid-
eration of algorithmic parameters. Complete spectral analyses of these methods for
the linearized problem have identified the dissipative spectral properties of the new
methods. In particular, the new second order schemes are shown to be L-stable. As
indicated in the section on objectives above, the newly proposed methods have shown
a big improvement over existing "dissipative" and conserving schemes in problems
with a high-frequency content.

8. A new ALE framework for finite deformation problems [1, 8, 12, 13]. We have devel-
oped a new arbitrary Lagrangian-Eulerian (ALE) finite element formulation for the
treatment of finite deformation problems to accommodate the large distortions of the
finite elements in this class of problems. The proposed approach is based on a direct
treatment of both the material map moving the finite element mesh with respect to
the material particles and the spatial map defining the deformed configuration of the
solid. The direct use of the material remap, in contrast with existing formulations
based on the interpolation the physical deformation between material and deformed
configurations, has shown to be especially suited for the advection of any internal
variables characteristic of inelastic models. In fact, this advection is accomplished by
an efficient particle tracking scheme based on the connectivity graph of the reference
mesh. We have already considered successfully finite strain multiplicative models of
elastoplasticity in the dynamic range. Our main goal as related to the current re-
search project is the treatment of viscous fluids in this non-Lagrangian framework for
the study of fluid-solid interactions through the appropriate contact treatment of the
material interfaces.

9. New mixed/enhanced finite element methods for finite deformation problems [2, 7,19].
We have developed new enhanced finite element methods for finite deformation prob-
lems in the general context of finite strain elastoplasticity. The main challenge is the

formulation of finite elements avoiding both volumetric and shear locking, and the
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hourglass instabilities observed in the finite deformation range. To this purpose, we

have explored a framework that considers an assumed strain finite formulation of the
volumetric strain component with an enhanced treatment of the deviatoric part. We
have gained a complete understanding of the locking and stability properties of these
new and existing finite element formulations with a series of modal analyses in the
full finite deformation range. Additional stabilized enhanced finite element techniques
have been developed to handle the aforementioned instabilities.

3. Impact of the Research. Relevance to the Air Force

We believe that the research developed in this project has led to important advances
in the understanding of time-stepping algorithms for nonlinear dynamics. In particular,
we have developed new integration algorithms that improve on existing techniques for the
solution of the complex problems in nonlinear solid mechanics, including the always difficult
treatment of the contact between solids. These results have led to the interaction with
the Computational Mechanics group of the Munitions Directorate at Eglin AFB. These
contacts are expected to continue in the extensions that we are currently considering of
the work developed in this project; see Section 4 below.

These results have been presented in a number of refereed publications as well as in
many conference contributions and invited lectures. A complete list of the publications pre-
pared in this project is presented in page 12 of this report, and in page 15 for the transitions
of the research funded by this AFOSR project. These lists include only the publications
and presentations linked directly to the objective of the current research project. A list of
additional publications prepared by the PI during this period acknowledging the support
of th- AFOSR is available upon request.

Recognition to the research developed in this project has come in different forms.
In particular, we can quote the many invitations received by the P.1. to present these
findings in national and international conferences, including keynote lectures and addresses
in major national and international meetings (like in the World Congress on Computational
Mechanics held in Buenos Aires, Argentina, in June 1998, and the European Congress on
Computational Mechanics held in Munich, Germany, in September 1999, among others).
During the period of performance of this project, the P.1., Francisco Armero, was awarded a
NSF CAREER Award in June 1997, and the Juan C. Simo Award and Medal in June 1999
given by SEMNI (the Spanish Society of Numerical Methods in Engineering) every three
years to "a young investigator in recognition of his/her scientific career". Furthermore,
he received the Best Paper in Engineering Computations in June 1997 for the paper [7]
co-authored with the postdoctoral fellow Dr. S. Glaser.

We would like to mention also the strong educational component of the research de-
veloped in this project. The graduate student Mr. Ignacio Romero (PhD expected May
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2001) has been supported entirely during his doctoral studies. Other graduate students,

Dr. Eva Petocz (PhD October 1997) and Dr. Edward Love (PhD December 2001), have

also been involved with the development of the research in this project. The P.1., Fran-

cisco Armero, received partial support during the summer terms. Additional collaborators

include visiting postdoctoral fellows and visiting professors, not financially supported by
this grant.

4. Future Work and Extensions

The improved performance of the numerical methods developed in this project has
motivated us to consider their extension to additional situations. For example, we have

extended these methods to the treatment of plane rods in the context of geometrically exact

theories of the Cosserat type. The extension of these methods to the general case of three

dimensional rods require, however, a different and more complex treatment of the finite

rotations appearing in these theories if a frame indifferent formulation is to be obtained.

In fact, this identifies the goals to be pursued in this area, including the development of

conserving/dissipative time-stepping algorithms for the solution of nonlinear shells of the
Cosserat type. The finite element resolution of the relative equilibria of these systems,
and the complete characterization of their stability in this numerical context, arise also as
important issues to be explored.

Similarly, we have identified the need for the extension of all the previous develop-
ments to handle inelastic problems in solid mechanics More precisely, it is our goal to

develop new time-stepping algorithms for finite strain plasticity and damage that exhibit
rigorously the positive energy dissipation characteristic of the physical system. Given the
applications of interest to 6.- Air Force, the development of these schemes to handle the
fracture and fragmentation of solids in dynamic conditions is of the main interest. All these
new objectives are being supported by a continuing grant from the Computational Math-

ematical Program of the AFOSR. This continued support is gratefully acknowledged. We
believe that the combination of all these results will lead to powerful novel computational
tools, with the sound theoretical basis necessary for the analysis of the complex practical

problems of interest to the Air Force.

5. Outline of the Rest the Report

After presenting a complete list of the publications prepared under the support of the

AFOSR and the invited lectures and conference contributions on the research concerning
this project, we present in different appendices a summary of the technical results obtained
in this grant. More specifically, we present the following five appendices:
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I. Conserving algorithms for frictionless dynamic contact problems.

II. A new dissipative time-stepping algorithm for frictional contact problems.

III. An alternative formulation avoiding the deficiencies of existing "dissipative" al-
gorithms in nonlinear dynamics.

IV. A new second-order high-frequency dissipative time-stepping algorithm for non-
linear elastodynamics

V. An ALE finite element method for finitc strain plasticity and viscous fluids.

As summarized in the following sections, these appendices describe the main results related
to the main objectives of the project as identified in the original proposal. No discussion
is made of a number of additional important results obtained in this project, including
development and finite element implementation of an efficient sorting/searching data base
structure for multi-body elastic systems, and the formulation and analysis of new enhanced
strain finite element methods for finite deformation problems. We refer to the different
publications presenting these results as indicated in Section 2.

5.1. Appendix I: Conserving algorithms for frictionless dynamic contact
problems

This appendix presents the formulation of conserving time-stepping algorithms for
frictionless dynamic contact of solids. A new class of finite element methods is proposed
for the solution of these problems that exhibit the same conservation laws as the underlying
continuum dynamical system. The proposed methods are based on a penalty regulariza-
tion of the constrained contact problem, and lead to full conservation of the total energy
of the system (including the regularization pen,-icy potential) during persistent contact,
and restoration of the original energy upon relk-.e. Both linear and angular momenta are
conserved by the scheme. Furthermore, the newly developed methods have the ability to
enforce the associated constraints in the velocity besides the impenetrability constraint in
the displacements, while preserving the conservation/restoration properties of the final nu-
mnerical scheme. A modification of these schemes is described that assures positive energy
dissipation if desired (even in the highly nonlinear setting of contact/impact problems),
leading to contact schemes with high-frequency energy dissipation. Representative nu-
merical simulations are presented illustrating the performance of the proposed numerical
schemes.



Final Report. F49620-97-1-0196 9

5.2. Appendix II: A new dissipative time-stepping algorithm for frictional
contact problems

This appendix presents a new time-stepping algorithm for frictional contact problems
that exhibits unconditional positive energy dissipation. More specifically, the proposed
scheme preserves a-priori stability estimates of the continuum problem for both friction-
less and frictional contact, leading to improved numerical stability properties in particular.

For the normal contact component, the algorithm exhibits full energy conservation between
released states, while the energy does not increase over its initial value due to the enforce-

ment of the normal contact constraint during persistent contact. A pl-nalty regularization
is considered to this purpose. A new regularization of the stick conditions is considered
for the frictional part. The new scheme is shown rigorously to exhibit positive energy
dissipation like the continuum physical problem in this frictional case. Coulomb friction
is assumed. Complete analyses of these considerations, as well as a detailed description of
their finite element implementation, are included in the general finite deformation range.
Representative numerical simulations are presented to assess the performance of the newly
proposed methods.

5.3. Appendix III: An alternative formulation avoiding the deficiencies of
existing "dissipative" algorithms in nonlinear dynamics

This appendix presents the development of a class of time-stepping algorithms for
nonlinear elastodynamics that exhibits the controllable numerical dissipation in the high-
frequency range required for the robust solution of the resulting numerically stiff systems.
To motivate and illustrate better the developments in this general case, we present first the
formulation and analysis of these methods for two simple model problems. Namely, we con-
sider a nonlinear elastic spring/mass system and a simplified model of 'Ihin elastic beams.
As it is discussed in detail in this appendix, the conservation by the -Limnerical algorithm
of the momenta and corresponding relative equilibria of these characteristic Hamiltonian
systems with symmetry is of the main importance. These conservation properties lead for
a fixed and finite time step to a correct qualitative picture of the phase space where the
discrete dynamics takes place, even in the presence of the desired and controlled numer-
ical dissipation of the energy. This situation is contrasted with traditional "dissipative"
numerical schemes, which are shown through rigorous analyses to not only loose their dis-
sipative character in the general nonlinear range, but also the aforementioned conservation
properties, thus leading to a qualitatively distorted approximation of the phase dynamics.
The key for a successful algorithm in this context is the incorporation of the numerical
dissipation in the internal modes of the motion while not affecting the group motions of
the system. The algorithms presented in this work accomplish these goals. The focus
in this first part is given to first order methods. Representative numerical simulations,
ranging from applications in nonlinear structural dynamics to nonlinear continuum three-
dimensional elastodynamics, are presented in the context of the finite element method to
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illustrate these ideas and results.

5.4. Appendix IV: A new second order high-frequency dissipative time-

stepping algorithm for nonlinear elastodynamics

This appendix presents the formulation of a new high-frequency dissipative time-

stepping algorithm for nonlinear elastodynamics that is second order accurate in time.

The new scheme exhibits unconditional energy dissipation and momentum conservation

(and thus the given name of EDMC-2), leading also to the conservation of the relative equi-

libria of the underlying physical system. The unconditional character of these properties

applies not only with respect to the time step size but, equally important, with respect

to the considered elastic potential. Moreover, the dissipation properties are fully con-

trolled through an algorithmic parameter, reducing to existing fully conserving schemes,

if desired. The design of the new algorithm is described in detail, including a complete

analysis of its dissipation/conservation properties in the fully nonlinear range of finite

elasticity. To motivate the different constructions that lead to the dissipative properties

of the final scheme, the same arguments are used first in the construction of new linear

time-stepping algorithms for the system of linear elastodynamics, including first and sec-

ond order schemes. The new schemes exhibit a rigorous decay of the physical energy, with

the second order schemes formulated in a general two-stage formula accommodating the

aforementioned control parameter in the dissipation of the energy. A complete spectral

analysis of the new schemes is presented in this linear range to evaluate their different

numerical properties. In particular, the dissipative character of the proposed schemes in

the high-frequency range is fully demonstrated. In fact, it is shown that the new second

order scheme is L-stable. Most remarkably, the extension of these ideas to the nonlinear

range is accomplished avoiding the use of multi-stage formulas, given the freedom gained

in using general nonlinear relations, while preserving the conservation laws of the momenta

and the corresponding relative equilibria. Several representative numerical simulations are

presented in the context of nonlinear elastodynamics to evaluate the performance of the

newly proposed schemes.

5.5. Appendix V: An ALE finite element method for finite strain plasticity

and viscous fluids

This appendix presents an implicit Arbitrary Lagrangian-Eulerian (ALE) finite ele-

ment formulation for solid mechanics. The interest in this work lies in the consideration

of finite strain elastoplasticity based on a multiplicative decomposition of the deforma-

tion gradient in an elastic and plastic part, and the use of an hyperelastic relation for

the stresses in terms of the elastic part. This situation is to be contrasted with typical

ALE treatments found in the literature based on rate (hypoelastic) forms of the governing

equations. In contrast with more classical approaches, the ALE approach presented herein
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considers the direct use and interpolation of the material motion with respect to the ref-
erence mesh. This aspect leads to a considerable simplification of the numerical resolution

of the advection of the plastic internal variables. In fact, this advection is accomplishes

through a simple particle tracking scheme based on the connectivity graph of the reference
mesh, avoiding the use of more complex strategies for the solution of the pure advection

equation. These ideas are implemented in an efficient staggered framework, involving a La-

grangian step, a material remap, and the aforementioned advection of the plastic internal
variables. Representative numerical simulations are presented to assess the performance of

the proposed formulation. Both quasi-static and fully dynamic problems are considered.
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I.1. Introduction.

The accurate modeling of contact interfaces in solids is one of the main difficulties in
common engineering applications. Typical examples are rashworthiness analyses and the

simulation of metal forming processes. See the contributions in REID L- YANG [1993] and

DESIDERI et al [1996], respectively, for recent accounts of these considerations. The ex-

perience accumulated in the past regarding the numerical analysis of contact problems

indicates the inherent difficulty of their solutio-r, the cause being not only the highly non-

linear nature of the problem, but also its unileterally constrained character. The lack of

robustness of current implicit methods that impose the contact constraint has led in the

past to the consideration of explicit schemes for the numerical solution of contact problems.

The difficulties in the enforcement of this constraint appear often as oscillations between

contact and released states.

Additional difficulties arise when dynamic problems are considered. The limited condi-

tional stability in time of explicit integration schemes appears as a clear drawback. Implicit

schemes may be employed to recover better stability properties but, as it is well-known, sta-

ble numerical schemes for linear problems may lose this property in the nonlinear context,

leading to an unstable increase of the energy during the numerical simulations. Character-

istic examples are the trapezoidal and mid-point rules, two energy conserving schemes for
linear problems that may result in energy increase (and actual blow up of the computation)

in nonlinear problems. See e.g. SIMo & TARNOW [1992] for representative simulations.
These drawbacks have led to the consideration of energy-momentum conserving schemes

that do not suffer of this limited (energy) stability properties, as described in SIMo &
TARNOW [1992], CRISFIELD L, SHI [1994], SIMO et al [1995], among others. WTe can an-
ticipate that the presence of the high nonlinearity due to the contact constraint may lead

to similar instabilities, as the simulations of Section 1.4 show. The goal of the research

presented in this paper is the formulation cf time-stepping algorithms that possess the

desired temporal stability properties by controlling the evolution of the energy and that,

at the same time, lead to a stable (non-oscillatory) enforcement of the contact constraints.

A complete account on the numerical analysis of contact problems until the late 1980's

can be found in KIKUCHI & ODEN [1988]. Finite element methods for dynamic contact

problems can be found in HUGHES et al [1976], HALLQUIST et al [1985], BELYTSCHICO &
NEAL [1991], CARPENTER et al [1991] for explicit integrators, and BATHE & CHAUD-

HARY [1985], KIKUCHI & ODEN [1988] involving implicit integrators for frictionless and

frictional problems, to cite just a few references. The recent works presented in TAYLOR

& PAPADOPOULOS [1993], LEE [1994], and MUNJIZA et al [1995], among others, show the
current interest in the formulation of more robust implicit algorithms for frictionless con-
tact. See also the results presented in ARMERO & PETOCZ [1996]. The robustness of the

numerical scheme requires good stability properties in the limit conservative case, without

relying in the physical dissipation introduced by frictional effects.
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The approach proposed herein makes use of the properties of the continuum dynami-

cal system for the formulation and analysis of new and more robust implicit time-stepping

algorithms for contact problems. Assuming no external forces, the total energy, linear

and angular momenta of a system of solids in frictionless contact are conserved. These

conservation properties are introduced in the newly developed schemes by construction,
thus leading not only to a better modeling of the physical system but also to improved

numerical properties. The new schemes are second order accurate and unconditionally (en-

ergy) stable even in the fully nonlinear finite strain range, as implicd by the conservation

of the total energy of the system. The (unilaterally) constrained -.-oblem is regularized

via a penalty formulation. Both the constraint in the displacements and the associated

constraint in the velocities are enforced in this manner. The (positive) energy correspond-
ing to the penalty potential is taken into account in the evolution of the energy, leading

to full restoration of the initial energy of the system of solids upon release (i.e., when the
regularization potentials are inactive), while the energy never increases beyond its initial

value during persistent contact. The total energy of the system (solids plus regulariza-

tion potentials) is conserved at all times, leading to the unconditional (energy) stability of

the numerical schemes. These properties are combined with full conservation of angular

and linear momenta. Numerical experiments have shown that these improved stability
properties lead to a superior numerical performance when compared to similar traditional

schemes (like the second order mid-point and trapezoidal rules). As noted above, high-

order standard numerical schemes usually involve an artificial increase of the energy, which
eventually leads to the actual blow-up of the numerical computation.

Fully energy conserving schemes are appropriate for the long-term simulations of the
interactions of solids in contact, where the main interest is the accurate resolution of the
configuration of the system in the long-term (and thus its energy content). On the other

hand, short term simulations are employed for the study of high-vciocity frontal impacts

(e.g. a rod impacting a rigid wall), requiring then the resolution o" a wide frequency spec-
trum. In fact, weak shocks (discontinuities in the velocity and strain) dominate completely
the solution at these time scales. In these conditions, high frequency energy dissipation is
a desired feature. We emphasize that the application of standard dissipative schemes de-
veloped typically for linear problems do not assure in general a positive energy dissipation
in the numerical scheme, the cause being again the highly nonlinear nature of the contact

problem. We propose herein a simple modification of the conservative schemes previously

developed that accomplishes this feature, and whose dissipative properties can be proven
rigorously.

An outline of the rest of the paper is as follows. Section 1.2 includes a complete de-
scription of the problem under consideration. The governing equations are summarized
in Section 1.2.1, with the conservation laws for frictionless contact described in Section
1.2.2. The finite element implementation considered in this paper is described in Section
1.2.3. Next, the formulation of the new energy-restoring, moment um-conserving scheme
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proposed herein is described in detail in Section 1.3.1, when only the gap constraint in

the displacement is enforced. Rigorous proofs of the conservation properties of the pro-

posed methods as well as extensions involving high-frequency dissipation are described in

detail. Section 1.3.2 considers the enforcement of the velocity gap constraint, arriving to a

similar class of conserving algorithms. Representative numerical simulations are presented

in Section 1.4 to assess the performance of the proposed methods. Section 1.5 includes

some concluding remarks. Finally, the consistent linearization of the proposed methods is

summarized in a separate appendix.

1.2. Problem Description.

We describe in this section the problem and numerical simulation of dynamic contact

of elastic bodies. Section 1.2.1 summarizes the governing equations. Section 1.2.2 describes

the conservation laws associated to this Hamiltonian system. Finally, the finite element

implementation of the governing equations is described in Section 1.2.3.

1.2.1. The governing equations.

Consider the motion of two elastic bodies with a reference placement QOQ (a = 1, 2),

characterized by the deformations W' : 01 x [0, T] -4 RlIdim (ndim = 1, 2, or 3). The

results presented herein extend trivially to multi-body interactions, as well as to self-contact

of solids. We identify the material particles of each solid with the reference coordinate

X E uYcIc tRndir-. Let xa := p(X, t) be the current placement of the material particle

X E S2? of the solid ce at time t E [0, T], for some time interval T.

Denote by P' the nominal stresses (first Piola-Kirchhoff stresses) in each solid. The

case of interest corresponds to two hyperelastic solids characterized by respective storea

energy functions W(F'), where F' = Grad~a, and

DW•k
P• = -- (I.2.1)

cOF•,

By the principle of material frame indifference, the stored energy function is invariant

under the action of the proper orthogonal group (the rotation group) SO(ndim), that is,

WO•(QF••) = W'(F°•) VQ E SO(ndim) •(1.2.2)

Considering a one-parameter group of rotations Q(rq) with Q(0) = 'Idim (the identity in
IRndim), so

Q7)E so(ndim), (1.2.3)
dq 77=0
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(where so(ndim) denotes the linear space of skew-symmetric tensors), and taking the deriva-

tive of (1.2.2) with respect to 7? at 77 = 0, we obtain the relation

Wwl FaT 0 VW W G (so(ndim) , (J.2.4)
OFe

implying the symmetry of the Kirchhoff stress tensor

Ta . W a a - (J.2.5)OF•

The symmetry relation (1.2.2), or equivalently, the relation (1.2.5), leads to the classical

conservation law of the total angular momentum as discussed below. Furthermore, a

classical argument (see e.g. TRUESDELL & NOLL [1965]) leads then to the dependence of

the stored energy function on the Green-Lagrange strain tensor E -(FTF - 1), i.e.,

Wct(Fa) = WVac(Ea) (1.2.6)

As an example, the simulations presented in Section 1.4 consider the Saint-Venant Kirch-

hoff model, characterized by

W(F) = 17V(E) = ½E : CE , (1.2.7)

where C denotes the material secant tangent.

Let V' := be the material velocity field of the solid ca, and pa the corresponding

reference density. The superimposed dot (-) refers to the (material) derivative with respect

to time t. We denote by -y" := 0•(92) the boundary of the current configuration of solid

a, with its reference counterpart Fa -al(•a) = 0=Q. Denoting the current and

refer2nce boundaries in contact by -'y and FP' := - respectively, the weak form

ot th:le balance of linear momentum equations reads

[ pa Va. 3cWa d?± + Pa Grad(5cpa) d? ' [ pb. 6 cWa dS?
a=1 12 a I Ce=la~i a-i(I.2.8)

6W dP]± [6W2X -k ~~(~rX))] dP,

for all admissible variations 6Wp : f2I -+ IRdim (ca = 1, 2) such that

W l: = 0. (1.2.9)

Here, P. denotes the part of the reference boundary of solid ca with imposed displacements,

and Ft' is the part of the reference boundary with imposed external tractions f. The specific

body forces are denoted by b. The decomposition

F' =FUU Fu with T Cn Ft'pnaFl=0 (a= 1,2), (1.2.10)
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FIGURE 1.2.1 Definition of the gap function g(X) and unit normal
V through the closest-point projection mapping at the current config-
uration of the solids in contact.

is assumed for a well-posed boundary value problem.

The vector t in the last term of (1.2.8) denotes the contact nominal traction between
the solids along the contact boundary. For frictionless contact, this traction is given in
terms of the (nominal) contact pressure p > 0 as

t = pV, (1.2.11)

with v denoting the unit outward normal to the current contact boundary y2. The contact
pressure p corresponds to the Lagrange multiplier imposing the unilateral contact constraint

g(X) := [-. I(X) - p2(Y(X))I > 0 (1.2.12)

for the gap g(X) of a particle X C Fl. In (1.2.8) and (1.2.12), the mapping Y = Y(X) C
/F2 defines the closest-point projection of a material point X G F1 on the contact surface

to r 2 at the current configuration of the solids, that is,

Y(X) = arg min {f I(X) - p2 (Y)I1} , (1.2.13)
YEF2

where fl denotes the usual Euclidean vector norm. Figure 1.2.1 depicts the geometrical
construction behind the definition of the gap function g(X) and the normal v(Y(X)) in
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(1.2.12). In the continuum problem, the current contact boundaries are defined by the

condition g = 0, that is, -1 = ^'Q = n,, -y in this case, thus allowing the use of F•

or, alternatively, Fc2 in (1.2.8) without a preference for the role played by each particular

body in the governing equations. In the discrete problem, the contact boundaries are

approximated by the discrete enforcement of the gap constraint (1.2.12), as described in

Section 1.2.3.

We note for future use the relation

I(X)- _p 2 (Y,(X)) = g(X) V(Y,(X)) (1.2.14)

as a consequence of the definition (1.2.13) for the closest-point projection. The unilaterally

constrained system under consideration is then completely characterized by

p >_ o, g >_ 0, pg = o, (1.2.15)

the so-called Kuhn-Tucker conditions (see SIMO & LAURSEN [1992]).

During persistent contact, the time derivative of (1.2.12), which now holds as an

equality, implies

h:= v. (vl(x) - V2(y(X))) = 0 , (1.2.16)

where we have made use of the property

• X. _- W2((X))) 0, (1.2.17)

a consequence of the the closest-point projection Y = Y (X). Therefore, the velocity field

is constrained by (1.2.16). After using the Kuhn-Tucker conditions (1.2.15), the condition

(1.2.16) can be recast as

P9 = 0, (1.2.18)

commonly referred to as the persistency condition (see SIMO & LAURSEN [1992]).

1.2.2. The conservation laws.

The system of nonlinear elastodynamics equations described in the previous section

is a characteristic example of an infinite dimensional Hamiltonian system; see SIMO et al

[1988]. The consideration of contact states converts the system in a unilaterally constrained

Hamiltonian system of evolution. The presence of symmetries like (1.2.2) leads to the

conservation laws described in this section.

Consider the following standard definition of the total linear momentum

2

L:= JPp Va d2, (1.2.19)
a=l 1
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and the total angular momentum
2

j:= E I ýpa x p' V' dQ, (1.2.20)
C ----1 SQa

of the system of solids. The symbol x denotes the cross product of two vectors in 1R3 if

ndim = 3, and their equivalent reductions (embeddings of R Idim c R 3) in lower dimensions
ndim < 3. Similarly, denote the total energy of the system by

2 2J ,'P- Vck.-V11 ds? + J W- d9 = k+VV (1.2.21)
a ---- __ __ __ __1_

;C W

for the total kinetic energy K and strain energy W.

The case of interest for the analysis presented below corresponds to the homogeneous

Neumann problem, characterized by no imposed boundary displacements and no external

loading. In this case, the total energy $, linear momentum L and angular momentum J

are conserved as summarized in the following proposition

Proposition 1.2.1 Let P = 0 (a = 1, 2), f = 0 and b = 0. Then, the linear momentum
L, the angular momentum J, and the total energy 9 are constants of motion.

PROOF: The proof is based on classical arguments, and is included herein for completeness.
The discrete counterpart presented in Section 1.3 follows closely the same arguments.

i. Conservation of the linear momentum. Since F, = 0, an 'dmissible variation is

obtained by

JW"=a for a=1,2, (1.2.22)

with a E ]R'dim constant. Hence, Grad (5W') 0 in this case. Using (1.2.8) with the

admissible variations (1.2.22) and noting that { = 0 and b = 0 by assumption, we have

dL= 2  f
a -- a df 0 Va ]dR m (1.2.23)

a=1

Therefore, dL/dt = 0 or equivalently L(t) = L(0) constant. The conservation of linear

momentum follows then from the invariance of the equations under the variations (1.2.22),

i.e., the action of the linear (additive) group Rndim (spatial translations).

ii. Conservation of the angular momentum. Similarly, we can consider the admissible

variations defined by
6JW'(X) := w x x' for a = 1,2, (1.2.24)
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where w (z- R im constant, and x' = ý(X). Thus, we have

Grad (6ýp') = WF , (1.2.25)

where W E so(ndim) is the skew-symmetric tensor with axial vector w (i.e. Wa = w x a
Va E Rndim). Writing (1.2.8) with the variations defined by (1.2.24), we obtain after making
use of (1.2.20) and (1.2.25)

[2 dQ]ýf"

=W. 2L f X=e xo P"c dS1 = = 2 f paV• (w x x') dQ?

2

T-z Pa :WF- dQ? jt. [W X V(X) _W X V2(J-(X))]d

2

= I PaFaT W + f - [W x (p(X) _ -2( J (X)) d•F]
12 o0 by (1. 2.5) Jf' 1= g v by (1.2.14)

=f pg v.(w xv) dP=0 VwCI]ndim E (1.2.26)
=0

Therefore, dJ/dt = 0 or equivalently J(t) = J(0) = constant. The conservation of angular
momentum follows then from the invariance of the equations under the variations (1.2.24)
(infinitesimal rotations), i.e., the action of the rotation group SO(ndim).

iii. Conservation of energy. Finally, the evolution of the total energy is obtained usiig
the weak equation (1.2.8) with the variations 65I = V' and (1.2.21) as

d- 2 f PQ K Va dQ + F-JW: Grad (V') d

=f t. (Vl(X) - V2(Y(X))) dFi = pP dFp =O , (1.2.27)

after using the persistency condition (1.2.18). Therefore, the total energy is conserved
S(t) = S(0) for all time t. El

The goal of this paper is the design of time-stepping algorithms that possess these
conservation laws.

1.2.3. Finite element implementation.
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The weak equation (1.2.8) is discretized in space through a standard isoparametric

finite element formulation,

anode anode

X = E NA(•)xA ( E2S and o(X)= X + > NA(ý)dA e •(Q2), (1.2.28)

A=1 A=1

(cr = 1, 2) based on the shape functions NA : Ej -÷ R defined in the parent domain ý E D

for A = 1, ni the number of nodes for solid ce, with references coordinates XA c Rfdirm.

The nodal displacements d A E R 'dim (A = 1, nnode) are grouped in d E JR eq where
neq= ndim X 7 node, with Tnode --- L nnode being the total number of nodes.

Following a standard procedure, the above interpolations lead to the semi-discrete

system of equations

d(t) = M-'p(t), } (I.2.29)

1(t) = -Jit (d(t)) + f, (d(t)) + fext

where we have introduced the nodal (linear) momenta

p := Mv, with v := d(t), (1.2.30)

as an intermediate variable. Here, M is the mass matrix defined by the standard assembly
procedure M = A1  Me of the elemental mass matrices Me (ne1 = total number of

elements). For an element with nen nodes, we have

Ml '.dim .. ••Mlnln lndim

Me =. 1 (1.2.31)

Mnllndim ••Mn,•nn lndim

where 1"dim is the rank-two identity matrix in JRfdim, and the mass coefficients MAB are
given by the usual expression

MAB J pQNANB dQ. (1.2.32)

In Section 1.3.2, we make use of the lumped mass matrix obtained, for instance, by the

standard row-sum technique

MAB = MAJAB (no sum), where MA := J pQNA dQ, (1.2.33)

for the element S?".
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M4

Master Segyment
vn+i

2 M3

M2 2n

Slave node
M+ In

2

g<0

FIGURE 1.2.2 A slave node contacts a master segment consisting of
four master nodes.

The external force fet E ]R nq corresponds to the contributions of the volumetric
external force b and imposed external tractions f. The internal force vector fi,t JERflq

corresponds to the stress-divergence term in the continuum, and is given by the usual
expression

2

=t B J -rt dS?, (T.2.34)
a=1f

for the standard linea-ized strain operator Bt, with

Bt6d = V'6u = sym [Grad [3u] F'-1]

for the displacement field u := •t(X) -X. Here, the subscript t refers to the configuration
at time t.

The force of contact fc in (1.2.29) is obtained with the use of the now standard mas-
ter/slave data structure; see HALLQUIST et al [1985] for details. In this context, S denotes
the slave node in contact with a master surface, at a point located in a master surface
element defined by nodes {M1, M2,.. .}; see Figure 1.2.2. Thus, we can assign two or
more master nodes (belonging to the same master surface element) to each slave node in
contact, thus establishing a contact element. The slave and master surfaces approximate
the contact boundaries F1 and P2, respectively. Double pass schemes can be easily ac-
commodated to avoid the bias associated to a particular ordering of the two surfaces (see
HALLQUIST et al [1985]).
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The force of contact f, is then expressed as

n slave

CA f8 , , with f P (i•G•, (1.2.35)

where A nslve denotes the assembly over the nslave slave nodes/master segment pairs, and

Vs

e ~1+nfl aster) Xfdim (..6
G N M2 (ýs)VsER(1.36

where nmaster is the number of master nodes in the master segment in contact with the
slave node S. The normal component of the contact force (= nominal contact pressure
x nominal contact area) at the slave node S has been denoted by p, in (1.2.35) and it
what follows, with a slight abuse of notation given the symbol p employed in the previous

developments for the nominal contact pressure in the continuum.

In (1.2.36), NMI(ý,) denotes the standard shape function of node MI in the master
segment at the point of contact ýs with normal v8, obtained by the closest-point projection
mapping as in equation (1.2.13); see Figure 1.2.2. The discrete counterpart of (1.2.14) holds
as

nsmaster

S-- >3 NMI(ýs)xMI = g(Xs)v, , (1.2.37)

1=1

where xs = Wp(Xs) and xMI - Wp2(XMI) are the current positions of the slave and
master nodes, respectively. We note that

5
nsaster

>3 NMI(ý) = 1, (1.2.38)
1=1

at any point ý of the master segment.

For later use, we introduce the notation

ds vs

I dM1 vM1

[d .M2 and i s: vM2. (1.2.39)

that is, objects denoted by (-) refer to individual slave nodes/master segment pairs. The
simulations presented in Section 1.4 consider linear master elements consisting of two mas-
ter nodes (i.e., n'ste= 2). The subscript a referring to the solid under consideration
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has been omitted in (1.2.37), (1.2.39) and the following developments, since it should be

clear from the different role played by the slave and master nodes.

1.2.3.1. Temporal discretization of the continuum contributions.

We consider a mid-point approximation of (1.2.29) and (1.2.30) leading to the discrete

equations
1 (dý+l - d.)

At + (1.2.40)1 M(V~m •) _(-+2½) +f\(,+½2) -•+!)
(V---tV' -Ant + + feýXt 2

where At = t,+, - t, for a given time partition U{t,•, t,+ 1 } = {0, t, ... .} of the time
interval of interest, d, - d(t,), v, _ v(t,), and v,+ 1 / 2 = (v',+i + v,)/ 2. The momenta

Pt = Mvt for t E U,{tf,t" +l}, (1.2.41)

have been eliminated in (1.2.40).

The discrete force of contact f(,l+1/2) is defined in the following section. The vec-

tor f(n+t) in (1.2.40) corresponds to the time discretization proposed in SIMO & TARNOW

[1992]. It defines a second order conserving approximation of the internal force vector
at t•+l/ 2, and is given by (1.2.34) with Bt evaluated at the mid-point configuration

(Pn+1/2 := ('Pn+i + p,,)/2 as

fBilT 2+B ,' ) df , (1.2.42)

with the discrete Kirchhoff stresses ,i(nl+1/ 2 ) calculated as

:= F,+½ (!C (En + E,+,)) F•T½ , (1.2.43)

for the Saint-Venant Kirchhoff model defined by equation (1.2.7). In (1.2.43), the defor-
mation gradient F,+1/ 2 := Grado,+±/ 2 is computed at the mid-point configuration, and
the Green-Lagrange strain tensors En, and E,+j are evaluated at the configurations n and
n+ 1, respectively. The case involving a general stored energy function W(E) can be found
in GONZALEZ & SIMo [1995].

As shown in SIMO & TARNOW [1992], the following properties hold for the time
discrete internal forces (1.2.42):

i. Internal linear momentum contributions

"nn1de 
2(n )A] 2(,d

[ ifno .a = VS+f (a) : -r df2 = 0 Va E Rdim (1.2.44)
A=1 C----
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where the vectors fnj ,t c RIdim refer to the nodal forces corresponding to (1.2.42).
We conclude that the summation in the left-hand side of (1.2.44) vanishes.

ii. Internal angular momentum contributions

n n + ½ x f ( + )A j B2 - ý-(ef T
A (n+ 2 W A(XA 1 ) X r1Tn±')

[fje fi2+21 w•Ie [=.+( r+½ x 1  f

LA=1 a=1 A=1

2

S J •Vn+½ (Xn+½ X w J(nW½) df2

ce=1 S?

2 J W : (n+½) df2 = 0 Vw E R•nlim (1.2.45)

given the symmetry of -r('+2) in (1.2.43). We conclude that the summation in the

left-hand-side of (1.2.45) vanishes.

iii. Internal energy contributions

n o e [ (n + 2) A A A) r ( n+ ½ )E fi•+ d - dn) n= (U+½ -n u.):
A --1 -- 2

2

- / J [En+ 1 - En]: 1C [E,+ 1 + En] dS2

- +1- W , (1.2.46)

where the superscript (.)h refers to the discretized system of solids.

General (non-conserving) time discretizations of the internal force term, involvin6 in

particular high-frequency dissipation, are considered in Section 1.4 in combination with

the contact scheme developed next.

1.3. Conserving Algorithms for Frictionless Dynamic Contact.

Our goal is the design of the time-discrete counterpart of the nodal contact forces

(1.2.35), that enforces the unilateral contact constraint and retains the conservation prop-

erties of the final algorithm. We develop in Section 1.3.1 a penalty scheme that possesses

these properties. An extension is presented in Section 1.3.2 that imposes the velocity

constraint (1.2.16).

1.3.1. An energy-restoring, momentum-conserving scheme.
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TABLE 1.3.1 Contact/release logic.

Let conts,, = contact flag at tn (.true. or .false.), and gs,n+m the

(real) gap at t,+, for slave node S. Then, cont,,+1 is defined as

IF (conts,n .or. (gs,,+ 1.le.0)) THEN

Compute dgn+l using (1.3.1).

IF (gd 1 . le.0) THEN

conts,,+1 = .true.

ELSE

conts,n+i = .false.

IF (g5,n+1 .ge.O) THEN
The dynamic gap will be initialized to the current
gs,n+l when evaluating (1.3.1) in the next time step.

ELSE
The dynamic gap will be initialized to the current

d,,,n+, when evaluating (1.3.1) in the next time step.
ENDIF

ENDIF

ELSE
cOntsn+I = .false.

ENDIF

Consider for a typical time interval [t, t,+,] the second order approximation of the
gap evolution equation (1.2.16) given by

• d ( +1 + _ 2(Xs)
__n~ •s n+- (nn+ 1 (Yn+ ½ ( X S) )

(1.3.1)

-W ((XS) _ W2n ( )

involving the unit normal Vs,n+1/2 defined by the closest-point projection k'+ 1 (XS) of
2

the slave node S at the configuration Wn+1/2. The evaluation of the current positions of
the contact particle n+1. (Xs) at the times tn and tn+1 is to be noted. We refer to the

scalar quantity gs'n the dynamic gap (at tn) in contrast with the real gap gs,n defined by

the closest-point projection algorithm given by (1.2.13) at t,.
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Expression (1.3.1) can be written equivalently in the notation introduced in the pre-

vious section as

d g + G s,,n+l - ds,n] (1.3.2)gs,.l s, + s,n+½ 2

for the corresponding displacements of slaves and master nodes at t" and t,+l. The

evolution of the dynamic gap (1.3.2) is initialized with the real gap gs,n for the last time step

before contact. See details in Table 1.3.1 and the discussion below for the contact/release

logic.

The difference 9sn+l # gs,n+l (real gap) as employed in traditional treatments of the

problem is to be noted. We point out that (1.3.1) corresponds to a second-order approxi-

mation of the equation (1.2.16) for the evolution of the real gap gs, and accounts for the

(geometric) change of normal during contact. In one dimensional problems, for instance,
both gaps coincide. No loss of accuracy has been observed because of this approximation.

We note in this regard that the definition of the gap function in terms of the closest-point

projection (1.2.13) is, from a physical point of view, completely arbitrary.

The normal component of the contact force p, for the slave node S at the time step
[t,, tn+ 1] is defined by the penalty regularization of the contact constraint (1.2.12) given

by the difference quotient
U(gsn+l) - U(gd)if d

d d ifgs,n+l gs,,n

P s gs,+l - gs,= (1.3.3)
-U,((!(gd,, + gdn+l)) if -d gd,

2 s, S, s,n+l -- ~

where U(g) is a penalty regularization potential of the form, e.g.

1 gP92 i
U :if g , (1.3.4)

0 otherwise

with a (large) penalty parameter rp. We observe that, given the approximation (1.3.3) of
the derivative of the (decreasing) potential (1.3.4), ps > 0 as required by (I.2.15)1. The
force of contact is then given by

sn+1/2)(..)

with ps as in (1.3.3). The evaluation of the normal contributions G, in (1.3.2) and (1.3.5) at
the mid-point ý,n+1/2 = (W, + •,+1)/2 configuration becomes crucial for the conservation

of the total angular momenta as shown in the following section. A standard calculation
shows that the final numerical scheme is formally second order accurate in time.

The contact/release logic is summarized in Table 1.3.1, and proceeds as follows. The
computation of the dynamic gap gd,± 1 begins when a negative gs,n+l is encountered. As
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noted above, the dynamic gap gd, is initialized with the value of the real gap at the last

converged value before initial contact. Contact is detected if g dn 1 is negative, as implied

by the check in (1.3.4) following (1.3.3) with gd. We note that the normal contact force
depends on the contact states at tn+1 and tn, and vanishes when both states at t, and
t,+, are released states. We observe that Ps 0 0 while releasing (i.e., conts,, = .true.

and cont,,,+i = . false., following the notation in Table 1.3.1). It has a positive value
given by the contribution U(g,,n) at t,. This final "kick" restores the energy to the system
of solids upon release.

Observe also that the same contribution to (L.3.3), U(gd "), vanishes in the first contact

increment. Therefore, the proposed penalty formulation enforces the gap constraint at the
end of the time step tn+1 . This situation is to be contrasted with schemes enforcing only
the velocity constraint (1.2.16) (the rate of the gap), thus requiring small time steps to
avoid excessive penetrations of the solids, like in the conservative schemes of WASFY [1995]
or LAURSEN & CHAWLA [1996], as it has come to our attention recently.

1.3.1.1. Properties of the proposed scheme.

The consideration of the interpolation functions in the definition of the linear momen-

tum (1.2.19) leads to the expression

nrnode

Lt : E MAB vt, (1.3.6)

A,B=I

for its discrete counterpart at t E Un{t,, tn+1 }, where vg (B = 1, node) denote the nodal
velocities. We note that the same expression is reached by the consistent mass (1.2.32) or

lumped mass (1.2.33).

We define the total angular momentum for the discretized system at t E Un{f tn+l}
as

nnode

SMAB X V t . (1.3.7)
AB=I

For the consistent mass matrix, this expression follows from the inclusion of the isopara-
metric interpolations in (1.2.20). Similarly, we define the total energy of the discretized

solids as

2

:=Cth+Wh, with h •vtMvt and W := ZI '

(.3.8)
for the mass matrix considered in the numerical simulation. The superscript (.)h refers to
(finite element) discrete quantities.



F. Armero 34

Noting that by (1.2.41)

nnode

Pt E MAvB A l(nnode, (1.3.9)
B=1

we can write the equivalent expressions

nnode

Lh: E PA, (1.3.10)

A=1

for the discrete linear momentum, and

nnode
jth := E XA X pA ,( . 1)

A=1

for the discrete angular momentum. The evolution of these quantities in the scheme defined

by equations (1.3.2) to (J.3.4) is characterized by the following proposition.

S , •(n+½)
Proposition 1.3.1 Let F,= 0 (a = 1, 2), and -~t = 0 for a time increment [tn, tn+1]

(i.e., a homogeneous Neumann problem in that time interval). Then, the following evolu-

tion relations hold

i. The linear momentum is conserved, i.e.

+ = Ln (.3.12)

ii. The angular momentum is conserved, i.e.
J h h

+1 = J(L •(1.3.13)

iii. The energy evolves as

$+ + ph+ = +ph. )

* where
nslave

pth U(g,) 0 for t E Unft.,, t+ 1} , (1.3.15)

wr s=1

with Pth 0 in a released state.
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PROOF: The proof follows closely the proof of the Proposition 1.2.1, its continuum coun-
terpart.

i. Conservation of linear momentum. Adding the nodal components of the equation
(1.2.40)2, we obtain

nnode "nfode

A=1 A,B=1

nnode nnode

-- At E f.A 2 +±At E fs(c ÷)
A=1 A=1

= o by (J.2.44)

nslave 1nmaster

= At PS 1 - NMI(S,+•+) V,,+= 0, (1.3.16)
s=1

= o by (1.2.38)

after using the definition (1.3.5) of the contact force fl+12

ii. Conservation of angular momentum. We first note the algebraic identity
A A A A= A A A )XP

X+l ×Xpx- xx 1 x (p+pA)+(x1-), (I.3.17)

for A = 1, nnode. Equation (I.2.40), reads in nodal components

"nnode
A A A A AtVA - BXn+1--n x dn - dn 1 + = At M-1)AB n+!B (1.3.1 S)

B=1

which leads to

nnode nnode

(Xn+I -A xA) X PAn-.- At 1- (M )ABP+ x A = 0, (1.3.19)

A=1 A,B=l

by the symmetry of the mass coefficients (M- 1) AB = (M-1)BA' and the skew-symmetry
of the cross product.

By equation (1.2.40)2, we also have

",node ,node nnode

_A pA .A p 2 -At 5A,(n+A)x+ × (P +Px , X S t x I x
n+ - n+ n n -,i finn+½ t

A=I A=1 A=1

- o by (1.2.45)
(1.3.20)
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Combining the definition (1.3.7) and equations (1.3.17) to (1.3.20), we obtain

"jnh + node =A Anode(To÷( n × n,+÷ -Xn ×n 1:) n t -f •÷
A=I A=1

nslave en aster

At XS +s- NMI(C5 ,n±±) X x

1=1

=At I: Ps gsn~ (1~~ iX Vn+! 0, (1.3.21)
S=1

after using (1.2.37).

iii. Energy evolution. Combining the evolution equations (1.2.40) with the symmetry

of the mass matrix M, we can write
nh1 - vh M vT IVT VT

S-n MVn+l Mv- = Vn + M (Vn+l - vn)
(d•l ,)T (n+!) (n d)T fn+!½)

(d-- -- d )T nt 2 + (d., , - d- fef+2

"7,
slave

-- (- w+• 1 - wn) + IPs +• (Ws,n+i - 4 ,n) , (1.3.22)

where we have used the relation (1.2.46) for the internal forces. After noting that Sh

ICh + Wh, and using the definitions of the dynamic gap (1.3.2) and the normal contact
force (1.3.3) from the regularization potential U(gd) , we conclude that

nstave

£h c~h 5 (g, ,  dn+I ~ ~ n EgS(s' l S'n)

s=1
nslave

S=1

which proves (1.3.14). We note that ph = 0 in a released state given the definition (1.3.4)
of the regularization potential. El

Proposition 1.3.1 shows that the time-stepping defined by (1.3.2) to (1.3.4) conserves
the total linear and angular momentum of the system of solids in a homogeneous Neumann
problem, as the original continuum system does. The relation (1.3.14) indicates that the
total energy of the system solids plus the regularization potential is conserved during
persistent contact. We note the important role of the definition of the dynamic gap for
this property to hold. Furthermore, given the definition of the regularization potential
(1.3.4), we have U = 0 in a released state, so we conclude that the energy of the system
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of solids is conserved upon release. We summarize these observations in the following
corollary.

Corollary 1.3.2 Let Shj denote the initial energy of the system of solids, corresponding to

a released state (in the sense that Pho = 0). Consider a homogeneous Neumann problem.

Then, the energy at any time 0 > t, E Un{tn,tn~l} is such that £S = Sh for a released

state and h < 8h for a contact state.

PROOF: The result lollows from (1.3.14) and the fact that 'ph > 0. E-

We note that the Corollary 1.3.2 indicates that the energy of the system of solids will

never increase beyond its initial value during the numerical simulation regardless of the

size of the time-step At. We conclude the unconditional (energy) stability of the pro-

posed scheme. The numerical simulations presented in Section 1.4 illustrate these stability
properties.

1.3.1.2. A contact scheme with positive energy dissipation.

As noted in the introduction, when short-term simulations are employed for the study
of high-velocity impacts, high-frequency energy dissipation may be a desired feature. We

describe in this section a simple modification of the conserving contact scheme developed
above that incorporates this property.

During persistent contact, the expression (1.3.3) for the normal component of the
contact force reduces to

Ps = P (g8',.+1 + gs',) • (1.3.24)

A contact scheme with (positive) energy dissipation can be easily obtained by replacing

(1.3.24) during persistent contact (i.e., cont 8 ,, = .true. and cont 5 ,,+± = .true., fol-

lowing the notation in Table 1.3.1) by

K (Od"+ (1 _to) gd
ps 8, s' ~~~ 1- n ~ ) 1 (1.3.25)

for 19 > 1/2. The difference scheme (1.3.3) is maintained during initial contact and release.
Expression (1.3.24) is recovered with 9 = 1/2 in (1.3.25). The accuracy of the scheme drops

to first order for V9 : 1/2.

With this modification, the balance of energy (1.3.23) reads

"n•alave
-h eh - gs n

-- av
g(1s,n+l gs,)S=gs1)-
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71a I a ve dd (g ,o+ l d '
- p Zg"+ + [s ,n+ + (19 - s,) ~ - gS~)} S, -

s=1
nslave ns ie ..

='+ -, L~~ (P~n) 1 2 ) (1.3.26)
s=1 s=1

for a time step in persistent contact. We conclude that

n+ 1 + +1 + •& + (1.3.27)

if 29 > 1/2. The conservation of linear and angular momentum still holds, since the proof
of these properties in Proposition 1.3.1 does not depend on the actual value of the normal
contact force p,.

It is important to emphasize that energy dissipation is not assured for schemes that
are dissipative for linear problems (e.g. HHT type schemes). This fact is illustrated
in the numerical simulations presented in Section 1.4. The normal contact force may
create positive work on the initial and final release gaps (see MUNJIZA et al [1995]). In
contrast, the proposed scheme has the proper dissipative properties as required. We note
the important role played by the use of the dynamic gap (1.3.1) in this argument.

1.3.2. Enforcement of the velocity constraint.

In situations where an extended time of contact appears, penalty schemes imposing
only the gap constraint are known to lead in general to oscillations of the contact forces.
These oscillations are also present in traditional schemes, and their origin can be traced in
part to the lack of satisfaction of the constraint in the velocities (1.2.16). As discussed in
Section 1.2.1, the velocity field is constrair -d by (1.2.16) during persistent contact. Finite
element formulations where this constrai-t is enforced explicitly can be found in TAYLOR

& PAPADOPOULOS [1993], and LEE [1994], among others. It is the goal of this section to
present a modification of the penalty scheme described in Section 1.3.1 that accomplishes
the imposition of (1.2.16) while maintaining the appropriate conservation properties.

To this end, we modify (1.2.41), and write the nodal linear momenta for a typical slave
node/master segment pair as

"6 T

Ps"t = [KIsL ± m ,,t 65 't 5 ,t] i (1.3.28)

= Ms,LVs,t + ms,t hs,t G,8t ,

for t C UI{ tt, t 1}, where

n~aster

S =T Vt - NMI(s,t)vI1 (1.3.29)
S't St~a~tt '=1
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the discrete counterpart of (1.2.16), the normal gap of the velocity. We consider the lumped

mass matrix Ms,L of the slave and master segment pair, i.e.,

MSlndim

MIs,L = [ MM21 ,dim e ]J(l~maste,)X(l~naater) (I.3.30)

to simplify the final numerical implementation. In (1.3.28), m 8 ,,,+ denotes a mass added
to the contacting slave and master nodes, which depends on the contact state as follows

m8  MP if 9s,t :< 0 or Ps,t > 0 (1.3.31)
0 otherwise,

for a large penalty parameter mp > 0. In (1.3.31), Ps,t denotes the normal contact force for

a slave node S at time t obtained via (1.3.3). We note that we consider the penalty mass
active when this normal force component is positive, including the time increment when the
contact is released. We have observed a better performance of the final numerical scheme
with this combination (less oscillatory response of the final contact force, as described in
Section 1.4). As mp -+ oc, the constraint hs,±+l = 0 for a typical time interval [t', t,+l]

in contact is effectively imposed.

A mid-point approximation of equations (J.2.29) is considered again. This leads, after

the elimination of the momenta jin+i, to the following contribution of a typical slave
node/master segment pair

/' (z,n.+ - d ),n =; ±,,+ +2 i (- m s,n+lhs,n+lGs,n+l + ms,nhs,ndGs,n)

t1 M,L (sn+ 1 -- = s,(c,mass

At ,,Ln J;s~~ _ez (1.3.32)

where the modified contact force jf,+1/2) is given by
Js ,(c,ma sa)

-,(cmass) (1.3.33)

n.+1/2)
with PS' given by (1.3.5), and

.(n+!) ._ m d • •dO,)(.34Zs .- - (Ms,n+ihs,n+~is,n+l - msnhsndsn) (1.3.34)

Physically, i1 ½ corresponds to the impulse enforcing the velocity constraint (1.2.16).
We denote by •
f or(A = 1, nd) the corresponding nodal components, which vanish
for the nodes not in contact.
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1.3.2.1. Properties of the proposed scheme.

The evolution of the linear momentum (1.3.6), the angular momentum (1.3.7), and the

energy (1.3.8) in the scheme defined by equations (1.3.32) and (1.3.33) is characterized by

the following proposition.

Proposition 1.3.3 Let P = 0 (c = 1, 2), and feX( ) 0 for a time increment [t,, tn+l]

(i.e., a homogeneous Neumann problem in that interval). Then,

i. The linear momentum is conserved, i.e.

Ln+ 1 = Ln (1.3.35)

ii. The angular momentum is conserved, i.e.

ih ih

n+1 nJ (1.3.36)

iii. The energy evolves as

+± + h n P (1.3.37)

where •Ph > 0 is defined in (1.3.15), and

A "=slave 2 jT -- " d 0h: mSth2 [1 + -ms,tG.'tM s, t] _ 0, (M.3.38)

s=1

fort CUftnt+ 1}

PROOF: We first observe that the equivalent expressions (1.3.10) and (1.3.11) for the linear
and angular momenta in terms of the nodal momenta pA (A = 1, nnode) still hold for
the modified momenta (1.3.28). Indeed, we have for the linear momentum at any time
t G Unf{tntntl}

nnode

1h= 1 MAB V

A,B=l

nnode nslave ( smaster nnode

A=1 s=1 A=1

_-o by (1.2.38)
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and for the angular momentum

anode

tP E MABX ><vB
A,B=I

- an - - N (( m aster

xt x P m,,thst - NStxt XV
A=1 s--1 1=1

= gs,tv, by (1.2.37)
rnode 7slave nnode

---- A x Pt E m5s,ths,tgs,t (Vt x vt) = 5 xA x pA . (1.3.40)
A=1 s=l A=1

The conservation of linear and angular momentum by the scheme follows then easily
by rewriting the equations (1.3.32) in terms of the modified momenta p given by (1.3.28)

1(
_ =W,~ MI,Lp,, n+} ,

(1.3.41)

1 •-i' t2+ f.")
At P • int -

for the homogeneous Neumann problem under consideration. After noting that the equa-

tions (1.3.32) are the same as the original equations (1.2.40) in terms of the momenta p,
the equivalences (1.3.39) and (1.3.40) imply the conservation properties

Lh h ah -h

n+1 = Ln and n+1 - n (1.3.42)

by the results (1.3.12) and (1.3.13) of Proposition 1.3.1 (whose proof has been develorT, r in
terms of the momenta p).

Similarly, using again the result (J.3.14) of Proposition 1.3.1, we can write for the
scheme defined by (1.3.41) and (1.3.28) the following relation

k•h W h h+= -ýhj +,Vhj +pnh

n+H + ± +1 + P+ n (1.3.43)

where
klh :-PTmzVL Pt ,(1.3.44)

for t E U,{t,, tln 1}. With the use of the definition (1.3.28), we can write

nslave 2 6T t"--16

= ±• 5 8•-thnl [, 1 + 2m1,tGs'tM/,LGs,t], (1.3.45)

S=1

A4h
8----1
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which combined with (1.3.43) results in (1.3.37). El

We observe that an extra contribution appears in this case in the energy balance
corresponding to a kinetic energy contribution associated to the mass penalty introduced
in the formulation. Given the energy balance (1.3.14) and the fact m, = 0 after full release
as defined by (J.3.31), we conclude that the total energy of the system is restored upon
release. We can say that, during persistent contact, part of the energy is stored in the
spring-like and the mass-like penalty regularization potentials. In fact, Corollary 1.3.2 still
holds in this case resulting in the no increase of energy beyond its initial value during the
numerical simulation and the desired nonlinear energy stability of the proposed method.

Remarks 1.3.1.

1. An augmented Lagrangian scheme for the velocity constraint can be introduced easily
by adding to (1.3.28) a Lagrange multiplier field of the form

Ps,n+zi Ms,L;s,n+1 + (m5s,n+l hs,,+l + As,n+z) Gs,,+l • (1.3.46)

The Lagrange multiplier A•,,+, is obtained by the update

A (k+l) = A(k) ( . .7
s,n±1 - ss,n±1 + Msn±i hs,n+l (1.3.47)

in the iteration (k) of an iteration procedure nested with the solution of the equations
of motion, accomplishing the satisfaction of h.,•+1 = 0 with finite values of the mass
penalty m,,n+l. See GLOWINSKI & LETALLEC [1989], SIMO & LAURSEN [1992],
among others, for details on augmented Lagrangian methods.

2. The mass pen,•icy scheme described in this section can be combined with the energy
dissipative scLme proposed in Section 1.3.1.2. L-

1.4. Representative Numerical Simulations.

The goal of this section is to evaluate the performance of the newly proposed numerical
schemes in several representative numerical simulations. To this end, we consider in Section
1.4.1 the impact of a linear elastic rod on a rigid wall, and the impact of two nonlinear
elastic cylinders in Section 1.4.2.

1.4.1. Impact of a rod on a rigid wall.

The purpose of this simulation is to show the important role that an energy restoring
contact algorithm plays in the overall stability of the numerical scheme. As noted in Section
1.3.1, numerical schemes that are (unconditionally) dissipative for linear problems, and



Final Report, F49620-97-1-0196 43

Vo

\0

FIGURE 1.4.1 Impact of a rod on a rigid wall. Problem definition.

consequently (unconditionally) stable, do not possess this property in general nonlinear

settings. As an example, we consider the well-known dissipative HHT schemes (or a-

method as sometimes called), and show that the energy increases due to contact if the

numerical scheme is not used with an adequate contact algorithm.

To this end, we consider an one dimensional model of a rod impacting a rigid wall using

a combination of different continuum and contact algorithms. The problem is sketched in

Figure 1.4.1. Linear elasticity is assumed for the one dimensional continuum, so that the

only nonlinearity arises from the contact conditions. We consider general discretizations

in time of the continuum to accommodate dissipative schemes. In this setting, the three

parameter family of HHT algorithms (see HILBER et al [1977])

Man+1 + K [ad,+, + (1 - a)dn] = f,,n+, , (1.4.1)

d,+l = d, + Atv, + I, t 2 [20a, 1 + (1 - 20) a , (1.4.2)

v+ 1 v= + At [-yan+l + (1 - -y) a,.] , (1.4.3)

is considered, where K denotes the usual stiffness matrix of linear elasticity. We note that

equation (1.4.1) has been written in the form presented in SIMO et al [1995], which differs

from the original presentation of the a-method in HILBER et al [1977] (the a parameter in

(1.4.1) corresponds to 1 + a of HILBER et al [1977]).

We consider the following schemes:

1. Trapezoidal rule: a = 1.0, /3 = 0.25 and 'y 0.5.

2. Midpoint rule: a = 0.5, 3 = 0.5 and y = 1.0.

3. HHT: a = 0.51,,3 = 0.555025 and -y = 0.99.

All three schemes are combined with a standard penalty scheme for the contact, with the

contact constraint imposed at tn+,, consistent with (1.4.1). We consider also:
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4. The new energy restoring contact scheme, with midpoint rule for the continuum

(as in Algorithm 2).

5. The new energy dissipative contact scheme of Section 1.3.1.2 ('9 = 1.0), with HHT

for the continuum (as in Algorithm 3).

We note that for the linear elastic continuum under consideration the conserving algo-

rithm considered in Section 1.2.3.1 reduces to the midpoint rule and trapezoidal rule, which

would coincide in this linear setting. As it is well-known, both sixchemes are conservative for

linear problems. Similarly, the HHT Algorithm 3 is energy d-isipative in the linear elas-

tic case. However, the nonlinearity of the contact conditions when the simulation starts

at a non-zero gap, destroys these conservative and dissipative properties respectively. In

essence, the work done by the contact force on the initial gap is not zero, and without

control, leading to an increase of energy; see MUNJIZA et al [1995]. This situation is to be

contrasted with the newly proposed schemes. For Algorithms 4 and 5 the energy will not

increase during the simulation, and for Algorithm 4 it will be restored completely upon

release.

The rod considered in the simulations has unit length (L = 1) and unit cross section

area (A = 1). The Young's modulus is E = 1, and density p = 1. The initial velocity of the
rod before impact is vo = 0.5. The initial configuration of the rod is located at a distance

of d. = 7.5 . 10-3 from the wall. The exact solution consists of a constant stress front
propagating along the rod with the elastic wave speed c = V/- 1. The magnitude

of the compressive stress is a = p voc = 0.5. This front reaches the right end at a time
L/c after impact where it is reflected. This reflection results in an unloading front that

propagates back along the rod reaching the wall at a time 2L/c after impact. At this time

the rod is released, that is, at

t = d, + 2L = 2.015, (1.4.4)
Vo C

accounting for the initial time before impact (d/v, = 15 .10-3). Therefore, the total force

of contact is constant, and given by the value

fc = oA = pvocA = 0.5, (1.4.5)

during the contact interval 15 10-3 < t < 2.015.

The rod is discretized with 100 linear finite elements in the numerical simulations

presented herein. A Courant condition of CFL = 2 is considered, being therefore outside

the range of stability of explicit methods like e.g. central differences (ce = 1.0, /3 = 0,

,y = 0.5). In all the cases, the contact penalty parameter is p- = 106, and the mass

penalty parameter has the value mp = 103 for the Algorithms 4 and 5.

Figures 1.4.2 to 1.4.4 show the results obtained with these schemes. The gap, velocity

gap, contact force, and total energy of the rod are plotted versus time. With respect to the
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TRAPEZOIDAL RULE
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Time Time

FIGURE 1.4.2 Impact of a rod on a rigid wall. Results obtained with
the trapezoidal rule, Algorithm 1.

standard schemes, Figures 1.4.2 and 1.4.3 (left column) depict the results for the trapezoidal
and midpoint rule, respectively, showing the severe oscillatory behavior associated with
these schemes when trying to enforce the contact constraint. Oscillations between contact
and released states lead to a clear unsatisfactory performance of the scheme. Furthermore,
these oscillations lead to an increase of energy when they occur due to the associated non-
linearity. The trapezoidal rule, with the contact constraint imposed at t,, improves the
performance, as shown in Figure 1.4.2, but the oscillatory response remains, as it does the
non-physical increase of energy. Figure L.4.4 (left column) shows the results for the HHT.
We still observe an initial oscillatory response, as well as an energy increase thus leading
to potential instabilities of the scheme. Although the oscillations are eventually damped,
this is obtained at the cost of a clear energy lost.

The performance of the standard schemes is to be contrasted with the newly proposed
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MIDPOINT RULE ENERGY RESTORING
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FIGURE 1.4.3 Impact of a rod on a rigid wall. Results obtained with
the midpoint rule, Algorithm 2 (left column), and the energy restoring,
Algorithm 4 (right column).
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HHT ENERGY DISSIPATIVE
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FIGURE 1.4.4 Impact of a rod on a rigid wall. Results obtained with
the HHT scheme, Algorithm 3 (left column), and the energy restoring
scheme, Algorithm 5 (right column).
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methods. Figure 1.4.3 (right column) shows the results obtained with the energy restoring
contact scheme. The good enforcement of both constraints (g = 0 and 4 0) is to be noted.
Even though small oscillations are observed, these are not between contact and released
states. Persistent contact is maintained during the theoretical contact interval, as reflected
in the persistent positive value of the contact force. The energy of the rod is under control
during all the simulation, and it is restored upon final release. The total energy in the
discrete system (rod and regularization spring) is conserved at all times. Figure L.4.4 (right
column) shows the results for the energy dissipative scheme proposed in Section 1.3.1.2.
As expected, we observe a damping of thle oscillations in this problem involving the high-
frequency part of the spectrum in the solution. The energy never increases beyond its
initial value, avoiding any type of instabilities.

To gain a better understanding of the proposed methods, we have included in Figure
1.4.5 the results obtained with the previously considered energy restoring scheme, without
mass penalty (mP 0), i.e., no enforcement of the velocity constraint. Whereas the gap
constraint is enforced equally for both schemes, we note the improvement accomplished in
the imposition of the velocity constraint and the contact force. This improvement~ is to
be traced to the impulse (J.3.34) introduced by the mass penalty in the definition of the
contact force, and leads to better resolution of the small-time scales in problems where the
contact intervals need to be resolved.

1.4.2. Impact of two cylinders.

We consider next the impact of two nonlinear elastic cylinders in plane strain. The
cylinders have a diameter of 3.6, and are discretized with displacement bilinear finite
elements, as shown in Figure 1.4.6. The Saiat-Venant Kirchhoff material model is assumed
for both cylinders with Lamb constantb, X = 2 - 104 fL = 1 . 10 4 , and density p =1.
These properties lead to the consideration of quasi-rigid cylinders. A penalty parameter
of K, = 1 0 is considered with mp 0, i.e., no imposition of the velocity constraint. We
note that we are interested in the overall response of the system in this case (the long time
scales), rather than resolving the different contact intervals in detail. A constant time step
of A~t =0.1 is considered.

Figure 1.4.6 depicts the results obtained with the proposed new scheme in a simulation
involving rigid walls as depicted. The left cylinder is given an initial velocity of {v,', v,,}=
{ 1, -2}, hitting the bottom rigid wall at t _- 1.5. Figure 1.4.7 shows the plots of the total
energy of the cylinders (kinetic plus strain energies), the two components of the linear
momentumn (L,; and L.), and the angular momentum (J). The x-direction corresponds
to the horizontal direction in the plots of Figure 1.4.6, with the y-direction being the
perpendicular direction. We have included the results for the newly proposed contact
energy-restoring scheme, and a standard midpoint rule contact (non conserving), both in
combination with the conserving scheme considered in Section 1.2.3.1 for the continuum.
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FIGURE 1.4.5 Impact of a rod on a rigid wall. Results obtained
with the energy restoring scheme with no mass-penalty, mp = 0. To
be compared with the use of the mass penalty (mp = -0') in Figure
1.4.3, right column. As observed in this last case, the -,icition of the
mass-penalty impulse enforces the velocity constraint and eliminates
the oscillation of the contact force, as observed in this figure, when
trying to resolve the contact time interval (short-time scales).

Therefore, the energy and momenta will be conserved for both schemes between contact
interactions.

We observe that the initial hit of the left cylinder with the bottom wall leads to an
increase in the y component of the linear momentum (L.) and a change of the angular
momentum, as expected. The increase of L. corresponds to the total force applied during
contact, positive since it is pointing in the positive y-direction. The x-component of the
linear momentum is conserved for both schemes, whereas the energy is only conserved
(restored) after bouncing by the newly proposed scheme. In fact, we observe a sudden
increase of the energy for the midpoint rule contact (to almost four times the original
value), which is accompanied with a large change of linear momentum in the y-direction
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t=0.0 t=1.0 t=1.5

t=2.0 t=2.2 t=3.0

t=3.9 t=4.3 t=4.7

t=5.5 t=6.0 t=7.0

t=8.0 t=8.5 t=1O.

FIGURE 1.4.6 Impact of two (quasi-rigid) cylinders. Deformed con-
figurations at different times obtained with the newly proposed energy
restoring scheme. The left cylinder impacts the right cylinder, which is
at rest, after bouncing from the bottom rigid wall.
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MIDPOINT RULE CONTACT ENERGY RESTORING
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FIGURE 1.4.7 Impact of two (quasi-rigid) cylinders. Results obtained
with the energy conserving scheme for the continuum in combination
with a midpoint-rule contact (left column) and energy restoring contact
scheme (right column).
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t=O.O t=1.7

t=1.85 t=2.0

t=2.25 t=2.5

t=2.75 t=3.0

t=3.25 t=3.5

FIGURE 1.4.8 Skew impact of two elastic cylinders. Deformed con-
figurations at different times obtained with the newly proposed energy
restoring scheme. Observe the large finite strains.
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FIGURE 1.4.9 Skew impact of two elastic cylinders. Results obtained
with the energy conserving scheme for the continuum in combination
with a midpoint-rule contact (left column) and energy restoring contact
scheme (right column).
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(indicating an excessively large force of contact). The computed solutions will then differ

afterwards. We note that due to the quasi-rigid character of the solids, the total energy is
mostly kinetic energy.

After bouncing from the bottom wall, the left cylinder impacts the right cylinder which
is at rest. This happens at t ýý 2.2 for the'energy-restoring scheme, and earlier, at t ;:ý 2.0,
for the midpoint rule contact, due to the excessive energy that the previous impact added
to the left cylinder. As expected, no change of momenta (liner'r or angular) is associated
to this impact for both algorithms. The energy, on the other hand, is increased again for
the midpoint rule contact, whereas the energy-restoring scheme recovers again the initial
energy after the small interval where the contact constraints are imposed. W\e note the
good resolution of the gap constraint g =0.

Next, the right cylinder impacts the right wall close to the upper right corner (at
t ;:z 3.8 for the energy-restoring scheme, and t ;:- 2.6 for the midpoint rule). The x
component of the linear momentum L,; is reduced due to the application of the contact
force (pointing to the negative x-direction). A larger contact force is observed again for
the midpoint rule, compared to the value obtained with the energy-restoring scheme. The
total energy doubles in the former.

After bouncing, the right cylinder hits the upper wall (at t -_ 4.3 for the energy-
restoring scheme, and t P: 3.3 for the midpoint rule). This can be observed by the corre-
sponding decrease (the contact force points in the negative y-direction) of the component
LY of the linear momentum for both schemes. The left cylinder hits the left wall for the
midpoint rule at t ;:z 3.7, due to the excessive velocity that has gained in the previous
impacts, leading to the increase of Lx observed for this case. This does not happen for the
energy-restoring scheme.

After these interactions, the two cylinders impact each ot her again in the middle of
the domain. This occurs at t ;:t 6.0 for the energy-restoring scheme and t -_ 4.2 for the
midpoint rule. This impact cannot be resolved with the midpoint rule contact scheme.
The numerical computation blows up in this case (no convergence is obtained), with an
unrealistic high value of the energy. The computation with the energy-restoring scheme can
be continued without problems after the impact of both cylinders (no change of momenta,
energy conserved again upon release). After this impact, the left cylinder hits the left wall
at t P 8.0 (with the change of L,, and angular momenta, no increase of energy again).

These results show the improved stability properties of the newly proposed scheme.
These properties are achieved by the proper control of the energy during all the compu-
tation. The correct conservation of energy and momenta has been verified. On the other
hand, the artificial increase in energy for a standard contact scheme, like the midpoint
rule, has been shown to lead to numerical instabilities that force the termination of the
computation. We point out that physically dissipative effects (like friction) would not
stabilize the computations of standard schemes in general, as observed in ARMERO&
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Simo [1993] in the analysis of the stability of staggered algorithms for thermomechanical
problems.

The above results considered quasi-rigid cylinders. In order to test the performance of

the scheme with large finite elastic strains (and thus significant changes of the normal to the

contact surface), we consider the same cylinders with Lam6 constants A = 130, p 43.33,
and density p =8.93. The left cylinder is given an initial velocity f{v" y, f~, {-1, 0.-1},1
while the right cylinder is at rest. Figure 1.4.8 shows the impact of the two cylinders for

this case. The large finite strains are apparent. Figure 1.4.9 depicts the evolution of the

energy, the two components of the linear momentum, and the angular momentum, for

both the midpoint rule contact and the new energy-restoring scheme, both in combination

with the conserving scheme developed in Section 1.2.3.1 for the continuum, as before. The

non-physical increase of energy for the former is to be contrasted with the no increase

and final conservation for the latter. The two schemes conserve all the momenta for this

case. A penalty parameter of kP 10' is assumed, leading to a good satisfaction of the

unilateral constraint (1.2.12), as the small energy associated to the regularization potential

U(g) indicates (the ripples in the plot of the energy) in Figure 1.4.9. The same conclusions

as for the previous simulations involving quasi-rigid cylinders apply to this case.

1.5. Concluding Remarks.

We have presented the formulation of a new class of implicit time-stepping algorithms

for dynamic contact problems. The main characteristic of the proposed methods is the con-

servation laws that the discrete numerical schemes inherit from the continuum dynamical

system by construction. In particular, it has been shown that the energy is under con-

trol at all times during the numerical simulation, leading to the proper (nry tblt
properties, while efficiently enforcing the contact constraints.

These properties lead to improved performance in comparison with standard numerical

techniques currently in use. The simplicity of the implementation of the proposed scheme,
a modification of standard penalty formulations, is to be noted. Modifications involving

the imposition of the velocity constraint and the introduction of positive high-frequency

energy dissipation have been discussed in detail. Several numerical simulations have been

presented that show the improved numerical stability properties of the new schemes over

standard time-stepping algorithms.

Appendix I.1. Consistent Linearization of the Proposed Schemes.

We develop in this appendix the consistent linearization of the time stepping algo-

rithms developed in this paper. To this purpose, we derive in Section I.1 the linearized
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equations of the problem. The contributions of the contact arrays to the tangent stiffness

matrix are derived in Section 1.2.

1.2. The linearized equations.

We consider the discrete equations (1.2.29) in terms of the nodal momenta p. As

indicated below, the final implementation is carried out in terms of the nodal velocities

v. Only the nodal momenta p of the nodes in contact need to be considered for a non-

vanishing mass penalty mp. Define the residuals

M1 (dn+l - dn) - P7 1 6
t (1.1)

R (_+a2) ± -(n +[) ) (+ Pn))
Ra:= .et + -- fin t At~ l- n

Given the nodal values {d,1, v,,}, and corresponding p, (see below), at time t,, a consistent

linearization of these equations leads to

R(') + ±MA~d('±) _ li+1) =
A•)d ~ H-i 2 '+ }, (1.2)

+(i) R + 1 (!(i+ 1)
a 2 A fi'nt 2 A- n+t = O,

with
d" =d() + Aand (i+l) W(i) A (i+1) (1.3)
ni+ n+ n+1 n1 = p+ + Pn+ ,

for the update between iterations (i) and (i+1) in time step [tn, t,•+1 ] of a Newton-Raphson

scheme for the solution of (1.1). The elimination of APn,,+i1 leads to the final expression

[ _ K(' ( ')2~ ) + :2M] Ad '- R(1) 2 i(14
2 n C A2n+ t d(14

where we have introduced the notation

S(w ith A d ' 2 d " ' (1.5)S.... in na+½ Idn+½!- n+1J, 15

for the continuum contributions to the tangent stiffness, and

A f( 1+):=-K(') Ad"+'i~) 1 (1.6)

(note the change of sign) for the contribution of the contact arrays. A closed-form expres-

sion for the contact stiffness Kci) is derived in Section 1.3 below.
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Once the updated nodal displacements d(i+1) and nodal momenta p_(i+i) are known,
n +1 

tn+

the nodal velocities vi+i2 are recovered using the definition (1.3.28) of p(+1, i.e.,

P (i+i) =m(M + ®(i+l) ,(i+l) 9 (i+) ( (I.7)Pn+l A-- '1s,n+l 3s,n+l ® n+1 Vn+1 L1

s=1

in the general c5se involving the mass penalty mp : 0. For the case of no mass penalty,

MP= 0, the dynamic update equation (I.1), is linear, leading to R ii) = 0 and to the

standard update

(i+ (i)( ) = +i 2i + (1.8)vn+1 = n+l + -AVn+1 = n+j + -•Adni+l

_(i+1)

without the need to consider the extra array p(+l • As noted in Section 1.3.2, we consider
a lumped mass matrix M = ML for the general case where we enforce the velocity gap
constraint (mp $ 0), leading to the standard update (1.8) for the nodes not in contact,
and the update (1.7) involving the nodes in contact only.

Remark 1.2.1 An implementation avoiding the use of nodal momenta p for the nodes
in contact can be easily devised by considering the linearized version of equation (1.7)..
Details are omitted.

1.3. The contact stiffness.

The linear-ý.tion of the contact force fc, defined by (1.2.35) as

nslave

f-1 A 2~+~ with jfs+c 2=psGn±~'(11

S=1

is given by

A f-± .PG~~ p9~ (1.2)

material geometric

The material part of the tangent is defined by

U(s,n+l -; d d gd

d Ags,,g+l if gs7  8•1  s
'APs gs,,+l - gs,, (1.3)

(gg',2 ) 8,7 + if g+ gs,n
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and

Ags,+d = 26s,n+!- - Cl!s,n+l - c 2 T•,±+] -Ads,5 ±l (1.4)

S-At -; ̂ •,1`+½ 9 (r7+1 - mr) (1.5)
is S~+- s n

C2 V T (r+ - -,7) (1.6)

with

-NMl (Gc) V,+ ½2 -NM1 (G')Trr+½
2nH 25,+ = N•(•~,+ and T71+½ = NM 2(c •). 1±(.7

Here, we employed the notation
ADS+½ "vS+½ -

AdM+ vM1
n+ n+

Adsn+½= AdM22 and v+ v +½M2 2.

and +!2 n2+I
2M2(.8

The expression g 7,n+½ refers to the real gap found through the closest point projection at

the configuration at tn+½, rn+½ is the normalized tangent vector to the master surface at

the point of contact ( i.e. VT, 1 -n+l = 0), and l1 is the length of the surface element of

the master surface corresponding to t6P given slave node S.

The geometric part of the tangent arises from the change of normal and contact point

in Gsn+1, and is obtained as follows

Asn+-= sT+ s,n+½ + f)s,n+½ ® ,1

i g5,n7 11 b2~ ~ 2 ~ (1.9)
gsn`+ -- 2]~
s l 2Ad

after an involved calculation. The final expression of the contact stiffness is then given by

KC= slave f / (U'gs'7 2 +) -Ps 5nl 9 2sn -lbsn -CTn!

A~ gs,n+l -- s,n
s=1

E[ Ds n+½ + Ds,n+ • T9 n+½ + :s,n+1_ Dsn+i }3s'n+I+Ps 2+ 2 2 is 2+
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d dd

with the difference quotient in the first term replaced by U" (gs,,•+l) if s,n+l --- gs,n"

We note the non-symmetry of the material part as it occurs with its counterpart for the

energy-momentum conserving algorithms considered in this paper for the continuum.

References

ARMERO, F. & PETOCZ, E. [1996] "A New Class of Conserving Algorithms for Dynamic

Contact Problems," Numerical Methods in Engineering '96, Proceedings of the Second

ECCOMAS Conference on Numerical Methods in Engineering, 9-13 September, 1996,

Paris, France, John Wiley &• Sons.

ARMERO, F. & SIMO, J.C. [1993] "A-Priori Stability Estimates and Unconditionally

Stable Product Formula Algorithms for Non-Linear Coupled Thermoplasticity," Inter-

national Journal of Plasticity, 9, 149-182.

BATHE, K.J. & CHAUDHARY [1985] "A Solution Method for Planar and Axisymmetric

Contact Problems," Int. Journal for Numerical Methods in Engineering, 21, 65-88.

BELYTSCHKO, T. L, NEAL, M.O. [1991] "Contact-Impact by the Pinball Algorithm with

Penalty and Lagrangian Methods," Int. Journal for Numerical Methods in Engineering,

31, 547-572.

CARPENTER, N.J.; TAYLOR, R.L. & KATONA, M.G. [1991] "Lagrange Constraints for

Transient Finite Element Surface Contact," Int. Journal for Numerical Methods in

Engineering, 32, 103-128.

CRISFIELD, M. & SHI, J. [1994] "A Co-Rotational Element/Time-Integration Strategy

for Non-Linear Dynamics," Int. Journal for Numerical Methods in Engineering, 37,
1897-1913.

DESIDERI, J.A.; HIRSCH, C.; LE TALLEC, P.; ONATE, E; PANDOLFI, M.; PERIAUX, J.

& STEIN, E. (editors) [1996] Computational Methods in Applied Sciences '96, Invited

Lectures and Special Technological Sessions of the Second ECCOMAS Conference on

Numerical Methods in Engineering, 9-13 September, 1996, Paris, France, John Wiley &

Sons.

GLOWINSKI, R. & LE TALLEC, P. [1989] Augmented Lagr-angian and Operator-Splitting

Methods in Nonlinear Mechanics, SIAM Studies in Applied Mathematics, Philadel-

phia.

GONZALEZ, 0. & J.C. SIMo [1995] "Exact Energy-Momentum Conserving Algorithms for

General Models in Nonlinear Elasticity," Comp. Meth Appl. Mech. Eng., to appear.



F. Armero 60

HALLQUIST, J.O.; GOUDREAU, G.L. & BENSON, D.J. [1985] "Sliding Interfaces with
Contact-Impact in Large-Scale Lagrangian Computations," Computer Methods in Ap-
plied Mechanics and Engineering, 51, 107-137.

HILBER, H.M.; HUGHES, T.J.R. & TAYLOR R.L. [1977] " Improved Numerical Dissi-
pation for the Time Integration Algorithms in Structural Dynamics," Earthquake Eng.
and Struc. Dynamics, 5, 283-292

HUGHES, T.J.R.; TAYLOR, R.L.; SACKMANN, J.L; CURNIER, A. & KANOKINUJKULC-

AHI, W. [1976] "A Finite Element Method for a Class of Contact-Impact Proolems,"
Computer Methods in Applied Mechanics and Engineering, 8, 249-276

KIKUCHI, N. L ODEN, J.T. [1988] Contact Problems of Elasticity: A Study of Variational
Inequalities and Finite Element Methods, SIAM, Philadelphia

LAURSEN, T. & CHAWLA, V. [1996] "Design of Energy Conserving Algorithms for Fric-
tionless Dynamic Contact Problems," Int. Journal for Numerical Methods in Engineer-
ing, in press.

LEE, K. [1994] "Numerical Solution for Dynamic Contact Problems Satisfying the Velocity
and Acceleration Compatibilities on the Contact Surface," Computational Mechanics,
15, 189-200.

MUNJIZA, A.; OWEN, D.R.J. & BICANIC, J. [1995] "A Combined Finite-Discrete Element
Method in Transient Dynamics of Fracturing Solids," Eng. Comp., 12, 145-174.

REID, J.D. & YANG, K.H. (editors) [1993] Crashworthiness and Occupant Protection
in Transportation Systems, The 1993 ASME Winter Annual Meeting, New Orleans,
AMD-vol. 169.

SIMO, J.C. & TARNOW, N. [1992] "The Discrete Energy-Momentum Method. Cr-lserving
Algorithms for Nonlinear Elastodynamics," ZAMP, 43, 757-793.

SIMO, J.C.; TARNOW, N. & DOBLAR•ý, M. [1995] "Energy and Momentum Conserving
Algorithms for the Dynamics of Nonlinear Rods," Internationl Journal for Numerical
Methods in Engineering, 38, 1431-1474.

SIMO , J.C. & LAURSEN, T. [1992] "Augmented Lagrangian Treatment of Contact Prob-
lems Involving Friction," Computer and Structures, 42, 97-116.

SIMO, J.C.; MARSDEN, J.E. & KRISHNAPRASAD, P.S. [1988], "The Hamiltonian Struc-
ture of Nonlinear Elasticity. The Convected Representation of Solids, Rods and Plates,"
Arch. Rat.Mech. Anal., 104, 125-183.

TAYLOR, R.L. & PAPADOPOULOS, P. [1993] "On a Finite Element Method for Dynamic
Contact/Impact Problems," Int. Journal for Numerical Methods in Engineering, 36,
2123-2140.



Final Report, F49620-97-1-0196 61

TRUESDELL, C. & NOLL, W. [1965] "The nonlinear field theories of mechanics", in Hand-
buch der Physik Bd. 111/3, ed. by S. FlueggerI, Springer-Verlag, Berlin.

WASFY, T. [1995] "Modeling Contact/Impact of Flexible Manipulators witha Fixed Rigid

Surface," Proceedings IEEE International Conference on Robotics and Automation v 1
1995. IEEE, Piscataway, NJ, 621-626.



APPENDIX II

A New Dissipative Time-Stepping

Algorithm for Frictional Contact Problems

Based on the paper:

Armero, F. & Pet6cz, E. [1999] "A New Dissipative Time-Stepping
Algorithm for Frictional Contact Problems: Formulation and Analy-
sis," Computer Methods in Applied Mechanics and Engineering, 179,
151-178.

62



Final Report, F49620-97-1-0196 63

11.1. Introduction

The numerical analysis and simulation of contact problems is probably one of the most

difficult and demanding tasks in typical practical applications of computational solid me-

chanics. The cause of this inherent difficulty can be traced to the unilaterally constrained

character of the impenetrability constraint between solids. The introduction of frictional

effects adds on these difficulties with the need to model non-smooth stick/slip conditions.

As a consequence, thzý resulting problems are numerically stiff, highly non-smooth, and

strongly nonlinear. Explicit integration schemes are popular nowadays to avoid some of

these difficulties. Explicit methods, however, are known to be only conditionally stable

in time. In fact, the stability restriction becomes a severe limitation in usual applications

involving contact, due again to the very stiff nature of constrained problems.

The improved stability properties of implicit schemes are often needed for efficient

analyses of problems that do not require the resolution of short time scales. However,
standard implicit schemes are known to exhibit instabilities in nonlinear problems. In
fact, time-stepping algorithms that are unconditionally stable, or even dissipative, for lin-

ear problems may become unstable in a nonlinear setting. See e.g. the numerical examples
in Simo & TARNOW [1992] and the results presented herein, where such instabilities are

observed even in the physically dissipative context of frictional contact problems. Given
these considerations, the goal of the research presented in this paper can be stated as

the development of implicit time-stepping algorithms for contact problems that possess

unconditional (energy) stability in time and lead to a stable enforcement of the contact
constraints. Dynamic contact/impact problems are of particular interest. More specifi-
cally, we require that the numerical algorithm inherits a-priori stability estimates of the

continuum problem. In this context, we develop in this paper a time-stepping algorithm
for frictional contact problems that is rigorously shown to be energy dissipative, as the
physical system.

The analysis and numerical simulation of contact problems has been the subject of
intensive research in the past. Early efforts in the area of dynamic 'Contact problems can be

found in HUGHES et al [1976], HALLQUIST et al [1985], and BATHE & CHAUDHARY [1985],
among others; see also the comprehensive account in KIKUCHI & ODEN [1988]. The formu-
lations presented in BELYTSCHKO L, NEAL [1991], CARPENTER et al [1991], and MUNJIZA

et al [1995] are some examples of more recent works focusing on the enforcement of the

contact constraints in the context of explicit integrators for dynamic contact problems.

But more recently, we can find a special interest in the formulation of improved implicit

schemes for dynamic contact problems. The recent works of TAYLOR & PAPADOPOULOS

[1993], LEE [1994], and LAURSEN & CHAWLA [1996] are representative examples, with an
emphasis on frictionless contact. See also the results presented in ARMERO & PET6cz

[1996], and described below. These efforts can be considered as part of the current interest
in the development of more robust time-stepping algorithms for nonlinear elastodynamics.
In this context, the formulation of energy-momentum conserving schemes for nonlinear
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elastic systems (as presented in SIMO & TARNOW [1992], CRISFIELD & SHI [1994], and
GONZALEZ & Simo [1995], among others) is of special significance for the work presented
herein.

We have presented recently in ARMERO & PET6 CZ [1996] a new class of conserving
time-stepping algorithms for frictionless contact. The proposed schemes are based on a
penalty regularization of the normal contact constraint, and inherit the conservation prop-
erties of the continuum problem. More specifically, the energy of the system of solids does
not increase due to the imposition of the contact coPstraint (part is stored in the penalty
regularization potential), and it is fully restored upon release. Extensions imposing the
associated constraints in the velocity have been presented also. Altogether, the newly
proposed schemes have not only shown a superior stability properties in time but also
an improved enforcement of the contact constraint when compared with more traditional
implicit schemes. In fact, we have observed that traditional mid-point and trapezoidal
rules, and even the dissipative HHT method, are prone to numerical instabilities in the
context of frictionless contact, often leading to the actual blow-up of the numerical com-
putation, in contrast with the proposed conserving schemes. The reader is referred to the
aforementioned reference for further details.

In the present paper, we consider the general case of frictional contact, in the con-
tinuum framework described in LAURSEN & SimO (1993]. More specifically, we present a
new time-stepping algorithm for frictional contact that leads to positive energy dissipa-
tion. A crucial ingredient of the new scheme is the integration of the friction law based
on a properly defined (numerical) slip function. This definition arises from a second order
approximation of the evolution equations defining the contact kinematics. This new slip
function is employed in the integration of the constrained equations modeling the stick/slip
conditions. Furthermore, a new penalty regularization of the stick condition is considered,
having a similar structure to classical elastoplasticity %.2oulomb friction is assumed for the
evolution of the frictional slip. The resulting discrete evolution equations are shown rigor-
ously to lead to a decrease of the energy of the solids (i.e., positive energy dissipation), in
compliance with the dissipative nature of the frictional problem. The fully nonlinear range
involving finite kinematics is assumed in these developments. In fact, invariance issues are
carefully considered. As a consequence, the newly proposed schemes are not only frame
indifferent, but the resulting discrete contact contributions exhibit the conservation prop-
erties of linear and angular momentum characteristic of their continuum counterparts. The
newly proposed scheme applies to both dynamic and quasi-static problems. We develop in
detail the finite element implementation of these methods.

An outline of the rest of the paper is as follows. Section 11.2 summarizes the continuum
formulation of the frictional contact between solids. In particular, Section 11.2.3 describes
in detail the conservation laws of linear and angular momenta characteristic of a free system
of solids in contact, frictionless or frictional, as well as the energy conservation/dissipation
in the continuum problem. A-priori stability estimates to be inherited by the numerical
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=g.= g(x)

FIGURE 11.2.1 Frictional contact b:,etween ;wo golids. Defli irt of
the gap function 9(X), closest-point projecLion Y(.Kr), uni o:rnal
V), reference tangent bases T and T7, or the two dimensional xE

algorithms are derived in this section. We d:welop in Section II tie newly proposed

time-stepping algorithms. In particular, Sectim:n 11.3 3 presents th p::oof of the dissipa-

tive properties of the new schemes. We assess the performance of e proposed methods

in Section II.4 with several representative rmu:.erical simulations. oih quasi-static and

dynamic problems are presented. Finally, Section 11.5 concludes wi some final remarks.

11.2. The Governing Equations

We describe in this section the notation nd thc governing e( Lt.ons describing the
contact of solids, as employed in the rest of the Iiap.r. Sectioni 11.2.1 .s'ribes the kinemat-
ics of contact. The fully nonlinear finite deforn..at.,.a range is assure .. 5 action 11.2.2 sum-

marizes the weak form of the governing equat f.s as reqi:rred for '. development of the

finite element methods proposed herein. Furl ier desails ofý the n eiat summarized in
these sections can be found in WrI[GGERS et e_ [19901 and 1,AurtsF: 9 3TMo [1993]. Sec-
tion 11.2.3 summarizes the conservation laws ýhat arise in the th, x"cnl;act of solids. In
particular, we describe in detail the evolutior of the energy and . !rity the dissipative
character of the frictional problem. These dei. ,lopmEnts define tht .- priori stability esti-
mates to be preserved by the numerical methcis developed in Sect Q I1.3.

11.2.1. The kinematics of contact

Let the domains QM() c lRndl (ndim = 1,2 0o 3) with bo di.ries F(')
represent the reference placement of nbody sc id bocLies (i = 1,n ,3). Without loss of
generality, we shall present the following devehpmenti for the parti' I LEar ase of two solids,
nbody = 2. We refer to the material particles )y X -- S2P'), and le p:0) : P6 ) x( [0, T1] --
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RIfdim be the deformations of each solid to a current placement W() (Q(i)) (with p') (X)
W(i)(X,t)) at a certain instant t E [0, T] for a time interval T. Let 7•i, C W(i)

denote two parts of the boundaries of the respective solids in contact, as defined below.
The subscript t emphasizes the dependence of these boundary segments on the time t. We
denote the corresponding material boundaries by r(i) :- W(i) -(7(i)W

In this context, we define the closest-point projection mapping k(t) : -*(1) _ r(2)

at the time t as
Y(X,t) = arg mrin JJ (1) (X) _- 2)(-)j1 , (11.2.1)

YE r(2)

for X E F(l) and Euclidean norm 11 H in I"ndim. Given the definition (11.2.1), a standard
argument shows the orthogonality property

[ : ( - 2
W( 0(X,t)) = g v, (11.2.2)

defining the unit normal v to at a 2)(t(X, t)). Note that the unit vector v is also

defined for the case of non-smooth boundaries as the direction joining ik(X, t) and X.
To simplify the notation we do not write a subscript t indicating the dependence on time
of the geometric quantities g, v, and others introduced below. Figure 11.2.1 sketches the
construction behind the closes-point projection (11.2.1) in the two dimensional case.

Expression (11.2.2) defines also the gap function g, as

g = 4(X,t) = [Wotd • V, (11.2.3)

which is imposed to satisfy the unilateral contact constraint

g > 0, (11.2.4)

at all times t. In this context, the contact boundary r(1) is defined by

p l= {x E _V g(X,t) > o} , (11.2.5)

and the boundary ,2 as the image of !(l) under the closest-point projection Y =

c~t 
C't

V(X, t). Since in this continuum setting we impose the constraint (11.2.4), we conclude
that 7(1n? a•1 •l (Wt(2() (11.2.6)cYýt -• [ct =-- %=) I

with no special role played by the ordering of the solids. The numerical schemes described
in Section 11.3 consider a penalty regularization of the unilateral constraint (11.2.4), leading
to an approximate satisfaction of the constraint (11.2.4). In this context, one refers to the
surface p(') as the slave surface which is required not to penetrate the master surface
p( 2), as it was introduced in HALLQUIST et al [1985]. Double passes schemes avoiding the
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special role assigned to each surface by a particular ordering of the solids are also discussed
in this reference.

Following LAURSEN &• SIMo [1993], we introduce the following notation. Let the
vectors {Ta} (a = 1, ndim - 1) define a basis of the tangent space to F(2) not orthonormal
in general. See Figure 11.2.1 for an illustration of the reference basis T - T, in the two
dimensional case. We denote by

Map := T•. Te, (11.2.7)

the associated metric, a positive definite matrix. We consider the spatial vectors

r, := F(2)Ta = W(2) (11.2.8)

defining a convected basis {r} of the tangent space to -(2) The standard notation

F() := Grad•o(t) i = 1, 2, (11.2.9)

is used for the deformation gradients. We denote the associated metric by

map := Va . V-, (11.2.10)

and the corresponding dual basis by

Va := maP rp a = 1, ndim - 1 , (11.2.11)

with [ma] -= [map]-. Summation over repeated Greek indices is assumed hereafter, e.g.,
addition on 3 = 1, ndim - 1 is implied in (11.2.11). The orthogonality relations

V.•,Va , (11.2.12)

follow from the previous definitions.

Crucial to the development of the numerical schemes proposed in Section I.3 is the
evaluation of the change of the closest-point projection constraint (11.2.2) in time. To
calculate this time derivative, we consider the rate of the closest-point Y Y(X, t) given
by

Ta, = (11.2.13)

defining the values ýa in terms of the tangent basis {Ta} in the reference configuration.
The vector field Y defines a relative slip velocity.

The material time derivative of (11.2.2) reads

[Vý - F(2)Y = ýV - g [V(a2) + Va,f03 • a, (11.2.14)
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in terms of the jump of the material velocities

[qV = VI) (X, t)-_ V(2)(Tk(X, t), t) ,(11.2.15)

at a particular time t, with

V(i) dw i= 1,2. (11.2.16)
"t dt

We note that the second fundamental form of the surface ,y(2) is given by bao •vu,
-Yc,t =- af

and it is symmetric. Combining (11.2.8) and (11.2.13) with the orthogonality relations
(11.2.12), the normal component of equation (11.2.14) can be written as

S= [V]"v, (11.2.17)

and the tangential components as

A+ g V(2).V (11.2.18)

in terms of the symmetric matrix

A ma m.0 + gbao, (I1.2.19)

assumed invertible at all times. Hence, equation (11.2.18) defines the slip rates ýO uniquely
in terms of the material velocities of each solid. For the limit contact problem (g = 0),
the invertibility of Aa,13 follows readily from the positive definiteness of the spatial metric
ma,3. Since the case of interest involves the enforcement of the contact constraint (11.2.4),
and therefore it is close to this limit case, this assumption is not excessively restrictive.

11.2.2. The weak form of the governing equations

The evolution of the system of solids described in the previous section is governed
by the balance of linear momentum, given in weak form by the variational relation (see
WRIGGERS et al [1990] and LAURSEN & SIMo [1993])

E l {J [p(oi)v(i)' 6•o + S() :F(i)TGrad(6 J())] d7(t)

-f/1(i) p(t)b(t)' S (i)d dQ(t) -ft-('). Jo(i) dF(i)}

+ fI [-p6g + tT.ýca] dFr(M = 0, (11.2.20)c•t
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for all admissible variations J'p(j) E V(') (i = 1, 2), with

V(-) = { ir: f(') --+ Rnd:im : q= 0 on p(i)} (11.2.21)

that is, variations satisfying the homogeneous essential boundary conditions as usual. In

this way, the deformations 'p(i) are assumed to satisfy the essential boundary conditions

't= 'Pt on .() (i = 1, 2) (11.2.22)

for given boundary functions €$t). In (11.2.20), we have used the notation p,(,) for the

reference density of solid (i), V(i) for the material acceleration, S(') for the second Piola-

Kirchhoff stress tensor, and body forces b(0) and nominal applied tractions t(j) on 7(c) c

r(i) (i = 1, 2). The conditions

F(i) n p(i) n r(i) = 0 and p(i) U P(i) U r() = r(i) i = 1, 2 (11.2.23)

ut T,t c,t ut T,t c,t

are assumed for each time t for a well-posed problem. The symmetry of the second Piola-

Kirchhoff
S(t) = S(j)T Vi = 1, 2, (11.2.24)

follows from material frame indifference. The general dynamic case has been assumed in

(11.2.20), hence requiring the specification of initial conditions

()=0 0 and = V. (i = 1,2), (11.2.25)

for given initial deformations and velocities, respectively. The quasi-static problem is

recovered by assuming a vanishing density in the transient term as it is common practice.

The variation- if the gap and slip in the contact contribution, last term of (11.2.20),

are given in terms of the variations JW() by

5g = [6'P V, (11.2.26)

and
W , + g , V, (11.2.27)

respectively, by taking the variation of (11.2.2), which proceeds exactly as the derivation

of (11.2.17) and (11.2.18). As noted below, the expressions (11.2.26) and (11.2.27) lead to

an invariant form of the contact forces with respect to translations and rotation, leading

to the conservation of linear and angular momenta as described in the following section.

In (11.2.20), the nominal contact traction t(') on T(l) has been decomposed in a normal

and tangential component as

t( 1) = p V - tT , where tT := tT, Ta (11.2.28)
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The nominal pressure p is the Lagrange multiplier enforcing the unilateral constraint
(11.2.4), and satisfies the Kuhn-Tucker complimentary conditions

p>O, g>0, and pg=O. (11.2.29)

The consistency condition
S= 0 , (11.2.30)

follows, and defines the case of persistent contact.

The evolution of the tangential traction tT is governed by the friction law. Frictional
slip occurs when a certain level of the tangential tractions is reached. We consider herein
the classical Coulomb law given by the slip relation

v = I-T tT (11.2.31)

As proposed in LAURSEN & SIMO [1993], an invariant expression of the slip velocity v in
(11.2.31) is obtained as

v := M, 3 -r . (11.2.32)

Alternative definitions are discussed in Remark 2.1 of Section 2.3 below. The consistency
parameter -y in (11.2.31) is determined by the stick/slip conditions

:=tTli - Ap < 0, (11.2.33)

-_>0, 70=0, and -yq=0, (11.2.34)

where the Euclidean norm .1 in R•fdim is given by

11tT12-'- =_matTo•tTl,6 (11.2.35)

in the convected surface basis. A constant friction coefficient p >Ž 0 is assumed in (11.2.33)
for simplicity. This concludes the definition of the problem of interest. We describe next
the conservation/dissipation properties of the final governing equations.

11.2.3. The conservation laws and energy dissipation

The system of equations (11.2.20) possesses a number of conservation laws in the
presence of symmetries of the problem. For instance, under the assumption of a free
system of solids, that is,

0) = 0 tjýi)= 0, and r.(-) - 0 i=1)2 (11.2.36)

the total linear and angular momenta are conserved. We summarize in this section these
conservation laws together with the evolution of the total energy of the system of solids.
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i. Linear momentum. Define the total linear momentum by
2

L:= E~ • , p(i)v(') dQ(i). (11.2.37)

Under the assumption (11.2.36)3, an admissible set of variations is obtained by

WW = a E 0) i = 1,2, (11.2.38)

for a constant vector a E R Rdim. By noting that the gap variation 5g and slip variations
60, defined respectively by (11.2.26) and (11.2.27), vanish

dL .ha p(i)i'() a d2() 0 Va E Rndim (11.2.39)

after inserting the variations (11.2.38) in the weak equation (11.2.20). The conservation of

linear momentum
L = constant, (11.2.40)

follows then as a consequence of the invariance of the governing equations under the vari-

ations (11.2.38) (translations).

ii. Angular momentum. Define the total angular momentum by

2

: 12 M (i) x p(i)V(i) d2(i), (11.2.41)

where x denotes the cross product of two vectors in JR3 (and th- 2orresponding embedding
in R ndim if ndim < 3). Under the assumption (11.2.36)3, an admissible set of variations is

obtained as
5W(i) = w x W) E v(0) Vi =1, 2, (11.2.42)

for a constant vector w E IRnm. In this case, we have

Grad ( 6 w(i)) - F(i)-TV (j(i)) = F -T v , (11.2.43)

for the spatial gradient V(.), and the skew-symmetric matrix W with axial vector w, that

is,

Wa = w x a Va E JRfdim (11.2.44)

The gap variation (11.2.26) vanishes for the variations (11.2.42), since

6g = (W X Wtj) .V= (w Xg V) V =0,1 (11.2.45)
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after using (11.2.2). Similarly, the slip variations (11.2.27) vanish for the variations (11.2.42),

since

= x ' + g W(2)

= W ( g V) -r + g (X7 , V0, (11.2.46)

after employing the expression (11.2.8). Therefore, we obtain the relation

dJ •2
dt= ((x

2

S(') : W df?(t) = 0 Vw E ]Rndim (11.2.47)

using the weak equation (11.2.20) for the free system of solids (11.2.36). The last equality

in (11.2.47) follows from the symmetry and skew-symmetry of SMi) and W, respectively.

The conservation of angular momentum

J = constant, (11.2.48)

follows then as a consequence of the invariance of the governing equations under the vari-

ations (11.2.38) (infinitesimal rotations).

iii. Energy evolution. Since the focus in this work is on the contact contributions, we

consider without loss of generality the case defined by two hyperelastic solids characterized

by the stored energy functions W(i) (C(M)) in terms of the right Cauchy-Green tensor C(M) =

F(i)TF(i) (i -= 1, 2) by frame indifference. The second Piola-Kirchhoff stress tensor is then

given by the usual relation

SM = 20W() (ii.2.49)

for i = 1, 2. In this case, the total energy of the system of solids is given by

2

~ f2( POiH~)1 dQ(t) j f WW(i dQ?(i) },(11.2.50)
kinetic energy strain energy

for a given time t.

The evolution of the total energy of the system of solids is easily obtained by inserting

V( in the test function slot Jco(i) of (11.2.20). Carrying on this operation, the rate of

change of the total energy is given by

f I b(1)pidFM() - j tT,,dF(1, (11.2.51)

: N cT
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where we have extended the integrals over M(1 ) since the integrands vanish outside r(')

The case of a free system of solids as defined by (11.2.36) is considered again. The normal

contact component vanishes by (11.2.30), that is,

SeN = 0, (11.2.52)

showing the conservative character of the normal contact interaction. On the other hand,
denoting by IJtt[H2ef := tTaM 3 tTo (i.e., the norm in the convected reference frame), the

tangential contact component leads to

4eT = I(1) I) (HtTmref dF-(' < 0 (11.2.53)

VfTricO > 0

given (II.2.29), and (II.2.34)1. The inequality (11.2.53) shows the dissipative character of

the frictional problem. Therefore, we conclude that

[t = -Dp frct < 0 Et • <o Vt, (11.2.54)

for an initial energy 4o. The energy inequality (11.2.54) defines an a-priori stability estimate
to be preserved by the numerical scheme. The goal is then the formulation of time-stepping
algorithms exhibiting positive energy dissipation (or, simply, dissipative schemes), and
momentum-conserving as shown by (11.2.40) and (11.2.48) for the continuum system.

Remark II.2.1 A fully spatial formulation of Coulomb friction is obtained by replacing
the reference metric M,,, in the definition (11.2.32) of the slip velocity v with the spatial
metric mna. In this case, a straightforward calculation shows that the frictional dissipation
(11.2.53) reads

frict I'py dF(1) > 0. (11.2.55)

Similarly, the convected form of Coulomb law (see LAURSEN [1994]) is obtained by eval-
uating the norms of the tangential traction in (11.2.31) and (11.2.33) with the reference
metric (i.e., littllref as defined above), while maintaining the definition (11.2.32). In this
case also, the frictional dissipation is given by (11.2.55). El

11.3. A Dissipative Time-Stepping Algorithm for Frictional Con-
tact

We describe in this section the formulation of a new time-stepping algorithm for gen-
eral frictional contact problems that exhibits the a-priori stability estimate (11.2.54) derived
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in the previous section for the continuum problem. As a consequence, the final scheme is
unconditionally dissipative in the sense that the energy of the system of solids never ex-
ceeds its initial value. The approximation of the normal part has been presented recently
in ARMERO & PET6CZ [1996] by the authors and it is summarized in Section 11.3.2. A
treatment of the frictional contributions leading to positive dissipation is introduced in
Section 11.3.3.

11.3.1. Temporal discretization. Momentum conservation and energy evolution

We consider a temporal discretization of the equations described in the previous sec-
tion for the interval [0, T] = Un{t, t,,+1 }. Let {t•, t+l} denote a typical time increment,
with time step At = tn+l -tn. Denote by Wn - potn and by Vn - Vt,, that is, time discrete
approximations of the deformation and velocity fields, respectively. With this notation,
we consider the following mid-point temporal discretization of the governing equations
(11.2.20)

__n+l_ -0) i =1,2,
At n+1

P() "•++1  .n (i) + §(i) F(t)r Grad Jý0() d2(')

jJ2  M) [ At n+½ (II.3.1)

- f p(,)P(') 1( ."5 (i) df2( -) - it-(') f J (t) dF(i)
JQ(i) 0fl+ý JIg) n+~ 1

+ / [-- Sg + fT 6V dF••]d = 0

in the mid-poiD- ,-onfiguration

•n+ :2 2 (Wn, + Wn,+l) ,(11.3.2)

and the mid-point velocities

+ = ½ (Y + Vn+ 1) (11.3.3)

The time discrete variations of the gap and the slip in (11.3.1) are defined accordingly by

j := (1g) (X) _ jW (2) (k+_• (X))] • 1ng (11.3.4)

and

(2) (Xk
-+-gn+A!2)Yn (X)) V 1, (11.3.5)

2-n n+ý
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for a material point X E /(1), in terms of the closest-point projection Y+ = Y i (X)n2 n+,f

evaluated at the mid-point configuration (11.3.2). This closest-point projection defines
also the geometric quantities v+ ½, Ta, , and the gap g .+ as given by (11.2.3). The

discrete approximations P(1), 5, and iT, for the stresses, normal pressure and tangential
frictional tractions, respectively, are to be defined. The interest herein is the develop-
ment of approximations such that the conservation and dissipation properties identified in
Section HI.2.3 are inherited by the num.crical scheme. We have written again the contact
contributions in (11.3.1) with the whol ,boundary Ip() as domain of integration, since the
integrands (P and iT+) are imposed to vanish outside the contact boundary. We refer
to the Appendix for complete details on the finite element implementation of the above
considerations.

i. Conservation of linear momentum. The conservation of linear momentum for the
case of a free system of solids (i.e., satisfying (11.2.36) at the mid-point configuration (11.3.2)
as needed in (11.3.1)) follows as for the continuum system by considering the translations
(11.2.38) in the variations of (11.3.1). We conclude that

L, = L,+I, (11.3.6)

for a typical time step {t,, t.+1 }.

ii. Conservation of angular momentum. Following the arguments presented in Sec-
tion H1.2.3 for the continuum problem, consider variations consisting of the infinitesimal
rotations

-W(i) = w x WM i = 1,72, (11.3.7)

for w E R ldim. We first note that tUe gap and slip variations, given respectively by
(11.3.4) and (11.3.5), vanish for the var;.-,ions (11.3.7). The arguments presented in (11.2.45)
and (11.2.46) for the continuum system apply here for the time discrete case. We note
that the consideration of the geometric quantities of the contact terms in the mid-point
configuration, and in particular the closest-point projection, shows to be crucial for these
arguments to apply. The introduction of (11.3.7) into (11.3.1)2, in combination of the vector
identity

Wj~ 1 _n+1  n n n1)) -n X nn+•

- (Wn _ ) x V 1 i = 1,2 (11.3.8)

the last term vanishing by (II.3.1)1, and the relation (11.2.43) with F() 1 by (11.3.7), leadsn+ý
to

2

(J+1- J)'w = - EJ S _ d-(W ) = 0, (11.3.9)
=1J2 (i)
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if we impose the symmetry condition for the stresses S(i) (i = 1, 2), as for the continuum

case. The conservation of angular momentum for a free system of solids

J. = J"+1 , (11.3.10)

for the discrete equations (11.3.1) follows. For our purposes, the momentum-conserving
character of the discrete contact contributions, regardless of the actual approximations 3

and tT, is to be noted.

iii. Energy evolution. The evolution of the energy for the discrete equations (11.3.1)
follows by considering the variations

5w(i) ,,{) _$ -() i = 1, 2. (I.3.11)

The energy-conserving approximation §(') of the stresses presented in SIMO & TARNOW

[1992] is considered, leading to the expression

!( (E(±) +E(i)) i = 1,2, (11.3.12)

for a Saint-Venant Kirchhoff model characterized by the constant material tangent C and
the Green-Lagrange strain tensor E = (C - 1)/2. The symmetry of §(') is to be noted.

Expressions for general elastic models can be found in GONZALEZ & SIMo [1995]. The
introduction of (11.3.11) in (11.3.1) leads to the evolution of energy equation for the discrete
problem

l = Ae n+1 + AECT ,I (11.3.13)
n n B

identifying the change of energy in a typical time step {t,, t,+ in a free system of solids as

arising from the contact terms, the normal and tangential part., respectively. We consider
each contribution separately in the next sections.

11.3.2. A conserving approximation of the normal contact pressure

The introduction of the variations (11.3.11) in the normal contact term in (11.3.1) leads

to the expression
n+1 I d

AgcN n= (ng,+ - g) dFr1M, (11.3.14)

where, after using (11.3.4),

gd+ 1 (X) = gnri(X) + 1" [((nl+) 1(X) - c(l1)(X))
2 

(11.3.15)
(W2 1-j X)_W2 j X
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for a material point X E FM(). The evolution equation (11.3.15) is initialized with the last

(real) gap g, previous to the first time-step in contact, detected by an initial negative (real)

gap gn+,. We refer to gd as the dynamic gap. The difference of g,+ 1 and the gap g,+l

defined by the closest-point projection (11.2.2) at the configuration W,+l, as employed in

standard numerical treatments of the problem, is to be noted. In this respect, we observe

that (11.3.15) defines a second-order approximation of the evolution equation (11.2.17). The

evaluation of the deformations W,,+l and W,, with the closest-point projection Y+I at the

mid-point configuration (11.3.2), defining also the unit normal v 1, is again considered

in (11.3.15) as a consequence of its use in (11.3.4).

In view of (11.3.14), we define the contact pressure P by the difference quotient

U~dl _ u(g )
ngd # gn, (11.3.16)

gI+g +gd)) ifgd g2 n +gn n+l gn,

for a non-negative penalty regularization potential U(g). The numerical simulations in

Section II.4 consider

U(gd) = 2 N (gd if gd < 0, (11.3.17)
0 if gd > 0,

for a large penalty parameter r1N > 0. Note that the definition (11.3.16) is such that i> > 0.

We point out that the contact-release check in (11.3.16) is performed with the dynamic
gap g•+d- Furthermore, since the term U(gd) vanishes in the first increment in contact,

the normal gap constraint (11.2.4) is imposed effectively at tn+1 (not at the mid-point) as
1 N -+ oo, leading to an improved numerical performance of the scheme. We noo that
such enforcement of the gap constraint (11.2.4) is not present in other conserving zxiiemes

for the problem at hand (see LAURSEN & CHAWLA [1996]), but only of the gap rate g, so

gn+1 = gn is effectively imposed instead. Similarly, we note that 3> 0 for the time step
of release detected by gd+ 1 > 0.

The change of energy (11.3.14) in a typical time increment reads then

n+1 I
ACN'•1 = -r(I) (U,+1 - U,) dF('), (11.3.18)

which implies

V(N + P) = 0 for pt= U(gd) dQ2(t) > 0. (11.3.19)

For the frictionless case, AE,, = 0 in (11.3.13), so we conclude En, < E, for a contact

state at tn, and En = £6, for a released state at tn (since 7Pn = 0). The restoration
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of the energy of the system of solids upon release follows in this frictionless case, while

the energy is under control during the enforcement of the normal contact constraint, in

compliance with the a-priori stability estimate (11.2.54). Physically, energy is stored in
the regularization potential while enforcing the normal contact constraint (11.2.4), and it
is completely restored upon release.

The schemes summarized in this section have been presented recently by the authors

for the numerical simulation of frictionless contact in ARMERO k PET6CZ [1996]. In ad-
dition, extensions imposing the derived constraint on the velocity (b = =V1• v = 0) during
persistent contact and modifications exhibiting high-frequency dissipation have been also
presented. The reader is referred to this reference for further details. We introduce next
an approximation of the frictional tangential components that inherits the dissipativity of
the frictional problem.

II.3.3. A dissipative approximation of the frictional tangential traction

Following a similar strategy as in the previous section, the introduction of the varia-
tions (11.3.11) in the tangential contact term of (11.3.1) leads to the expression

AEcTAF 'Jl -n+ ) dT'(1, (11.3.20)

where, after using (11.3.5),

A,•+ ½1 d,fnl n++ n½X
n+2 71+2 1/X

+9 nV ! 
(11.3.21)IV 1 P(n2_)n1 +(_t (2))

n_+2 71 n++

As a consequence of the expression (11.3.5), the unit normal v 1+, the tangent basis

I 1, the (real) gap g +1 and the matrix Ac n+I (obtained by (11.2.19)) are evaluated
712 12 712

using the closest-point projection Y 1 (X) given by (11.2.1) at the mid-point configuration

(11.3.2). The evaluation of the deformations W) and W(•) at this mid-point closest-point,
as in the expression (11.3.15) of the dynamic gap, is to be noted again. The recursive
definition (11.3.21) is initialized by d3 = ýo that is, with the position of the closest-point

projection in the first iteration detecting contact. We refer to the quantity ýd as the
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dynamic slip. We observe that the time discrete equation (11.3.21) corresponds to a second

order approximation of the continuum rate equation (11.2.18).

Coulomb friction, as described by equations (11.2.31) to (11.2.35), defines a perfect

stick/slip response of the interactions between two solids. The constraint of perfect (rigid)

stick leads to a difficult enforcement numerically. To integrate these equations, we consider

the following new regularization of the slip equation (11.2.31)

tTý = K1T MaR[IP

"-1 tT"i (11.3.22)

for a large penalty parameter KT > 0. In the limit KT -0 c0, (II.3.22), enforces • =

which follows the slip relation (11.3.22)2, that is, (11.2.31). We refer to the point ý as the

stick point, and its value is initialized with the initial contact point. In the time discrete

setting, we have
(11.3.23)

with o -d at t. (referring again to the first iteration where contact is detected). The

regularized equations (11.3.22) have a structure similar to the equations of elastoplasticity.

We note the use of convected components in (11.3.22), leading to the invariance of the pro-

posed regularization. In (II.3.22),, we have considered Map, the metric at •, for simplicity

in the numerical equations that follow; see comments below. The regularized equations

(11.3.22) are then integrated numerically using an operator split strategy as developed next.

We discretize the slip relation (11.3.22) in time through a generalized mid-point ap-

proximation of the form

tT. = r1T Mapn [ s% j

Map (d, - ~) - trn+• (11.3.24)

with
tTan+1 := 79 tTa.+1 + (1 - 19) tTac , (11.3.25)

for a numerical parameter 19 E (0, 1]. Note the use of the dynamic slips in (11.3.24). We have

considered an explicit approximation at 4d of the reference metric Map,. The need of this

approximation in the proof of the dissipativity of the scheme, as developed below, arises

from the hypo-elastic character of the regularization (II.3.22),, unless Map!e is constant. In

fact, for a constant metric Map =_M17/p8, the hyper-elastic relation

t= 0 (KT Mcp), for (11.3.26)
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is recovered for the regularized stick phase, identifying a quadratic energy potential for the

regularization (11.3.22). Given the small slips during the stick phase (enforced to vanish

in the limit KT -+ oo), and the simplicity of the resulting discrete equations, we view this

approximation as a simplification of the final equations rather than a limitation.

The unknown tangential traction tT,+, is constrained by the slip surface (11.2.33),
defining the discrete stick/slip and consistency conditions

-= 11tT"+9 1- A P < O , (11.3.27)

A-y > 0, and A&y = 0. (11.3.28)

The pressure P5 defined by (11.3.16) has been used in (11.3.27). The Euclidean norms in
(11.3.24) and (11.3.28) are computed following the continuum relation (11.2.35). The value

79 = 1/2 is preferred, since it leads to a second-order accurate scheme (for constant Maf),
and the availability of the metric m.0 1 from the closest-point projection Y+½.

The discrete slip equations (11.3.24), (11.3.27), and (11.3.28) are solved for the tangen-

tial traction tTn+O using an operator split with an structure similar to return mapping
algorithms in elastoplasticity (see SIMO & HUGHES [1997]). In this setting, define the trial
state

trial - '3 fttra K~T M1 _'9' (11.3.29)T- n++ n n

and compute the trial slip function

otrial := ._ 1- Lp (11.3.30)

for the contact pressure 75 > 0 given 1y (11.3.16). The case Otrial < 0 corresponds to a
stick step, with the update equations

7ttrial an d dd

tT,+= T.+, and = ,ý, (11.3.31)

for the tangential traction and stick point, respectively.

A frictional slip step is detected with qtrial > 0. In this case, we must have frictional

slip Ay > 0 which is found by rewriting (11.3.24)2 as

t tri KT tT, + +tTan+9 1 (11.3.32)

after a simple calculation involving the definition of the trial traction (11.3.29). The equa-

tion (11.3.32) implies

tTn+,9I1 = ItTn+2911 + "T 19 A-Y, (11.3.33)
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and t trial
Tn+,O tTn+, (11.3.34)t rial t +l"

tTn+1 Tn±,9 1

The imposition of the consistency condition (11.3.28)2

S= IJtTn+,91 - A f = 0, (11.3.35)

leads in combination with (11.3.30) and (11.3.33) to

€ptrial

A- = oT > 0, (11.3.36)

in a frictional slip step. Furthermore, (11.3.32), (11.3.34) and (11.3.35) result in

ttrial

t =/' T,+' (11.3.37)iT.+ /•• trial 11

After a frictional slip step, equation (11.3.24)2 defines a new stick point 4d+j" However, we
consider the stick point defined by the update n = d (that is, the exact limit solu-
tion) in the step following the frictional slip, similar to the original initialization (11.3.23)
of the stick point and instead of the value given by (11.3.24)2. This modification is crucial
for the final dissipativity of the scheme, as shown in the following section. Furthermore, it
avoids possible drifts of the stick point with respect to the path of the contact point ýd+l
that may occur for finite values of KT. The predictor/corrector scheme is simply repeated
from the new stick point. We view this modification as part of the definition of the penalty
regularization proposed herein by (11.3.22).

The tangential traction iT = tT,,+ (given by (11.3.29) or (11.3.37) for a stick or

frictional step, respectively) is entered in the discrete weak form (11.2.20). The above
developments are summarized in Table 11.3.1. The subindices n + t9 for the traction t T

and n for the stick point have been omitted for clarity, since they are not required in the
actual implementation. According to the developments in Section 11.3.1, the final algorithm
conserves linear and angular momentum. We show next that the proposed scheme leads to
a positive energy dissipation, thus conforming with the a-priori stability estimate (11.2.54).

11.3.3.1. The dissipative properties of the proposed scheme

To prove the dissipativity of the frictional algorithm described in the previous section,
we consider the general case given by a sequence of N > 0 stick steps followed by either
release or frictional slip. Let

d := n , (11.3.38)
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TABLE 11.3.1 Summary of the discrete equations for the frictional
contributions. (The subindices n + t9 for the traction and n for the
stick point have been omitted, since their consideration is not required
in the actual numerical implementation)

For a contact step (i.e., j5 > 0 as defined by (11.3.16)), and a given d,
define n+1 by (11.3.21).

For a given stick point td, define the trial tangential traction

Tr, I- TT•fa3- d,O3

for •+ 9 + (1 -+ 2) n, with the metric Mcp evaluated at
the stick point Fd. Compute the trial slip surface

oktrial :=iitrjzajil - JL.

IF ( qtrial < 0 ) THEN

tT T fia, (stick step)

ELSE
t t ial

T= I iaij , (frictional slip step)

and update the stick point by nd +

ENDIF

for stick point ýd : during the considered N + 1 steps, and

jjdfl 2 d,a ,,

nll•l. := ntr ', 77nz (1I.3.39)

for the constant metric MR,, at d.

The discrete change of energy (11.3.20) due to the tangential frictional contributions

for a stick step {tn, t,+,} is given by

AScT f KT Vn+t9 CW g Map6 (+1 d) dir (1
n ()a

( T ) (md±i d,) dPM
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f I rT +dl, - 1 T2,)d_dI21 dP( 1),Ii.3.40)

after using (11.3.29) and the vector identity
d d- d -

d+ = ?+½ + (-) (7l_+11--d) . (11.3.41)

Note again that d = •d during the N stick steps. Therefore, after adding recursively

(11.3.40) for the assumed N stick steps, we have

N N-1 n NT17dX&CT = N AdF( - 211N11M"r1)n----1 0 E A TIn f(i)2 M

N-1

- (- 1) 1177d- 711+11% dF(
n=O

<0 for 9 > 1/2, (11.3.42)

after noting that rd 0 since . The estimate (11.3.42) shows that during the

stick phase the total energy of the system of solids does not increase due to the frictional
algorithm, i.e., it exhibits positive dissipation. If the next step {tN, tN+l} is a released state

(i.e., P3 = 0 and iT = 0), the above estimate gives the energy dissipated during the contact
interval due to the numerical regularization of the tangential traction. This dissipation
vanishes as NT -4+ 0, i.e., in the limit enforcing the stick constraint Ilr7dljl -+ 0.

Similarly, we obtain for the frictional step {tN, tN+l}
IN+I if A rTjdjjLN d1

N rT) IltTN- jI 12

+KT(- 9 ) 11nd - nd+il1%• d'(1), (11.3.43)

after algebraic manipulations as in (11.3.40), and using (11.3.37). Adding the equations
(11.3.42) and (11.3.43), we conclude that for a sequence of N stick time steps and one
frictional step the total change of energy due to the frictional contact contributions is
given by

N+1 N K1 T H 1NT

AECo E ApEC) •n+ 1 -d< N+11 dr(1)

10 0 for 29 _ 1/2.1 , (I.3.44)
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since > 0 and the bracket in the second integral is positive

I _____> 0. (11.3.45)÷1trial 1 -- trial 1

by (11.3.30). The above arguments apply completely to a new series of time steps with the
new stick point 4 +- + The dissipativity of the proposed frictional algorithm follows.

The derivations of (11.3.40) and (11.3.43) involve in a crucial manner the definition
(11.3.21) of the dynamic slip Cd. The combination of the dissipative estimate (11.3.44) with
the conservation property of the normal contact component shows rigorously the uncon-
ditional (energy) stability of the proposed contact scheme. The energy in the numerical
simulation will never increase over its initial value.

Remarks 11.3.1.

1. The fully convected form, as discussed in Remark 2.2, satisfies the above estimates
with the norm in jItTI1 replaced by the reference norm IJtTIIref. Similarly, the fully
spatial form of friction leads to the same estimates with spatial norms everywhere.
Details are omitted.

2. The proposed scheme applies to both quasi-static and dynamic problems. Note in
this respect that the definitions (11.3.15) and (11.3.21) of the kinematic quantities gd
and Cd, respectively, involve the deformations p(i), and not the velocities V). The
energy conservation/dissipation properties of the scheme apply in particular to this
case (set p,, -+ 0 in the above developments), not affecting the contact contributions.

II.4. Representative Numerical Simulations.

We present in this section several numerical simulations that assess the performance
of the proposed time stepping-algorithms. The examples involve quasi-static and dynamic
simulations. Specifically, we present the results obtained for the forging of an elastic block
against a rigid foundation in Section IL.4.1, the impact of two elastic blocks in Section II.4.2,
the impact of cylinder against a rigid wall in Section II.4.3 and, finally, the impact of two
elastic cylinders in Section 11.4.4. We refer to ARMERO & PET6CZ [1996] for additional
examples assessing the performance of the conserving normal contact approximation in
frictionless problems.

11.4.1. Forging of an elastic block against a rigid foundation
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FIGURE 11.4.1 Forging of an elastic block against a rigid foundation.
Problem definition.

FIGURE 11.4.2 Forging of an elastic block against a rigid foundation.
Deformed mesh.

We consider the benchmark problem presented in ODEN & PIRES [1984] of the forging
of an elastic block against a rigid foundation. The purpose of this example is to assess the
the accuracy of the new frictional integration scheme in a quasi-static setting. As noted
in Remark 11.3.1.2, the numerical integration schemes in time developed in this paper
have been presented in terms of the deformations ýo(i) of the solids and not the velocities,
applying then to the quasi-static case.

The problem definition is depicted in Figure IH.4.1. An elastic block is pressed against
a rigid foundation and pulled by a tangential force uniformly distributed along one of the
sides of the block. We have considered the spatial discretization shown in Figure IH.4.1,
with 20 x 10 4-node bilinear quadrilateral finite elements. The material of the block is
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FIGURE 11.4.3 Forging of an elastic block against a rigid foundation.
Nodal reactions along the base of the block.

assumed linear elastic in accordance to the results reported in ODEN & PIRES [1984], with

Lam6 constants A = 576.92 and G = 384.62. The linear elastic continuum is recovered
in the considerations presented in the previous sections by considering the infinitesimal
strain tensor e(u) := Grad'u in terms of the displacement field u(X) = w'(X) - X, and
the corresponding linear variations, instead of the Green-Lagrange tensor E in the elastic
term of the governing equations. All the considerations with respect to the evolution of
the energy (not the angular momentum due to the lack of ihvariance of linear elasticity)
apply to the infinitesimal continuum, and the corresponding. Lfternal force term in the final
finite element equations. The finite kinematics of the contact contributions are retained.

Plane strain conditions are assumed.

The frictional scheme developed in Section H1.3 was employed with penalty param-
eters of KN = 108, r1T = 104, and the numerical parameter V = 0.5 for the frictional

contributions. A friction coefficient of p = 0.5 is considered. Figure 1I.4.2 shows the de-
formed configuration for this case. Figure II.4.3 depicts the nodal reactions along the base
of the block, for both the proposed scheme and the results presented in ODEN & PIRES

[1984]. A good agreement between the two curves can be observed, showing an accurate
resolution of the frictional interaction of solids in this quasi-static case by the proposed
algorithm. We note that, even in this quasi-static case, we consider the mid-point type
approximations as developed in Section I.3 for the general dynamic problem. Therefore,
the solutions obtained with the proposed schemes lead to a positive energy dissipation of
the approximation of the frictional forces.
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11.4.2. Oblique impact of two infinite blocks

We present in this section the results obtained in the modeling of the oblique impact
between two elastic blocks presented in CHEN & YEH [1988]. The problem definition
is depicted in Figure 11.4.4. A rectangular block is given an uniform initial velocity of

VO=[-10, -10] (in a cartesian system as depicted in Figure 11.4.4), impacting the top
surface of a second block whose bottom boundary is fixed. The blocks are modeled with
the Saint-Venant Kirchhoff continuum model (11.3.12). Both blocks are characterized by
Lam6 constants A - 0.0 and GC 500, and density p = 0.1. Fully dynamic, plane. strain
conditions are assumed.I

The penalty parameters employed in the simulations are r-N = -. =i04 , with d = 0.5.
Both frictionless (pi = 0) and frictional (IL 0.4) cases are considered. A constant time step
of AŽt =0.01 is employed. Figure 11.4.5 compares the displacements of point A (see Figure
11.4.4) obtained in this work with the results reported in CHEN & YEH [1988] for both cases.
The horizontal and vertical displacements are plotted versus time. Both displacements and
time are measured from the instant of contact between the two blocks. As expected the
horizontal displacements are significantly reduced by the presence of friction, while the
vertical displacements on the rebound increase when friction is present.

We can observe that the results obtained with the scheme proposed herein compare
well with the results presented in CHEN & YEH [1988] for this dynamic contact/impact
problem. We have also included in Figure 11.4.6 the distribution of the stresses o- Y oY
and u., (the x direction being the horizontal direction in Figure 11.4.4) for the frictional
case. All the stresses are shown on top of the deformed configuration of the solids at time
t =0.12.

11.4.3. Impact of a cylinder on a rigid wall

We present in this section the results obtained in the problem of an elastic cylinder
impacting a rigid wall. Fully dynamic simulations are performed, under plane strain con-
ditions. The cylinder of radius R = 1.0 has an uniform initial velocity vo [0.4, -0.4] (x
and y directions corresponding to the horizontal and vertical directions, respectively, in
Figures IIL4.7.a and II.4.8.a), impacting the rigid wali at 45'.

A fully nonlinear elastic model is considered for the cylinder. More specifically, we
use the Saint-Venant Kirchhoff model in (11.3.12) with Lam6 constants A = 130.0 and
G = 43.33, and density p = 8.93. Both frictionless and frictional impacts are considered,
with a friction coefficient of p~ = 0.2 for the frictional case. The penalty parameters

N= KT= 104 and numerical parameter V9 = 0.5 for the frictional contributions are
employed.

The performance of the time-stepping algorithms presented here-in is compared with
a traditional mid-point approximation of the contact contributions. In both cases, the
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FIGURE 11.4.4 Oblique impact of two elastic blocks. Problem defi-
nition.
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FIGURE 11.4.5 Oblique impact of two elastic blocks. Displacement
of point A (see Figure 11.4.4) for the frictionless (/u = 0) and frictional
(p = 0.4) cases.
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FIGURE 11.4.6 Oblique impact of two elastic blocks. Distribution
of the (Cauchy) stresses a) axx b) ayy, and c) axy, at time t =
0.12 (after impact) on the deformed configurations for the frictional
case. (The x-direction is the horizontal direction to the right, with
the y-direction upwards, and origin at the bottom left corner of the
block at the bottom)
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energy-conserving scheme (11.3.12) of SIMO & TARNOW [1992] is considered for the con-

tinuum contributions in both cases. The cylinders are discretized with 4-node bilinear

finite elements leading to 2-node linear segments to characterize the contact; see Figure

II.4.7.a. Figures II.4.7.a and II.4.8.a show the configurations of the cylinder obtained with

the proposed scheme before, during, and after contact, for the frictionless and frictional

cases, respectively. Finite strains are considered. Notice the additional rotation of the

block in the frictional case due to the tangential frictional forces during contact.

Figures II.4.7.b and II.4.8.b show the total energy evolution during the simulation,
for the frictionless and frictional problem, respectively. Observe that even in the presence

of frictional dissipation, there is an initial increase of the total energy after the impact

when using the mid-point rule scheme. This unphysical increase of energy should be con-

trasted with the dissipation properties shown for the proposed scheme. As expected, the

increase of energy for the traditional mid-point scheme is more pronounced in the absence

of frictional phenomena, leaving the cylinder with a higher energy content after bouncing.
This situation is to be contrasted with the schemes proposed herein. While in contact, the

energy of the cylinder is reduced, with the difference in the energy going to the penalty

regularization potentials enforcing the impenetrability constraints. As shown in Section
11.3.2, the total energy of the extended system (the solids and the regularization potentials)

is always conserved in the frictionless case, leading to the (energy) stability of the scheme.
This situation is to be contrasted again with the instability evidenced by standard implicit
schemes, like the mid-point rule, in the presence of nonlinearities (unilateral contact con:

straints, in particular). In addition, we can observe the fuli restoration of the energy to its
initial value upon release in the frictionless case. The lower value in the frictional problems

accounts for the physical positive dissipation present in the problem, and modeled by the
numerical schemes.

H1.4.4. Skew impact of two elastic cylinders.

This final example considers the free-body system of two nonlinear elastic cylinders
impacting at each other. The cylinders have a radius of 1, and are discretized with isopara-

metric 4-node bilinear finite elements, as shown in Figure 11.4.9. The center of the left
cylinder is located at [-1.8,0.0], while the center of the right cylinder is at [1.8,0.0], in

a reference cartesian system (the x-direction is the horizontal direction to the right, and
the y-direction is upwards in Figure 11.4.9). The left cylinder is given an initial velocity
Vo = [1.0, 0.1], while the right cylinder is at rest. We consider 1 time step of At = 1,

and 250 time steps of At = 0.01, for a final time of T = 3.5. The Saint-Venant Kirchhoff
material model (11.3.12) is assumed for both cylinders with Lame constants, A = 130,

S= 43.33, and density p = 8.93. We assume Coulomb friction with A = 0.2 with the

numerical parameter V = 0.5. The penalty parameters for this problem are r.N 1 i0 4 and

r-T = 103.
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FIGURE 11.4.7 Impact of a circular cylinder on a rigid wall. Solu-
tions obtained with the proposed scheme for frictionless contact. De-
formations shown at t = 0, 6.3, 12 (before, during, and after contact,
respectively).
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FIGURE 11.4.8 Impact of a circular cylinder on a rigid wall. Solu-
tions obtained with the proposed scheme for frictional contact. De-
formations shown at t = 0, 6.3, 12 (before, during, and after contact,
respectively).
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FIGURE 11.4.9 Skew impact of two elastic cylinders. Solutions ob-
tained with the proposed scheme at different times (jt=0.2).
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FIGURE 11.4.10 Skew impact of two elastic cylinders. Evolution
of the energy, and linear and angular momenta versus time. We can
observe the unphysical growth of the energy for the mid-point rule.
The computation in this case cannot continued after t = 2.30 for the
given time step At = 0.01 (no convergence obtained). This situation is
to be contrasted with the proposed scheme. Positive energy dissipation
is observed at all times. All the momenta, linear and angular, are
conserved for both schemes (until blow-up for the mid-point rule). We
note that the continuum contributions in both cases are discretized in
time using the energy-momentum conserving scheme.
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The continuum contributions to the governling equaticns are s( -c. I using the energy-

conserving scheme developed in SIMO & TAr.rYOW [1992], and desc *.d in Section 11.3 1.

The contact contributions are approximated with the proposed b,•rae and the mid-

point rule, after noting the mid-point character of ths continuum eirpolations. Figures

11.4.9 show the deformed configurations at diferent times fo-)r the i.,csed scheme. The

finite strains that appear in the problem are clear. The evolutio oLi the energy of the

cylinders (kinetic plus strain energy) and tae different ccmniponen c' thc momenta are

plotted versus time in Figure 11.4.10.

The improved stability properties of the i.ewly proposx'ed meth :Is are apparent. The

proposed scheme does not show an increase oi the erergy over the ii'ial value., with the

final energy after release being smaller than the origin value due to t4 ri c--ional dissipation.

In contrast, the artificial and unphysical incre&ae in energy [or a stam i 3:-d frictional contact

scheme, like the midpoint rule, can be observid. In fact, th.e simu i''n involving a mid-

point contact cannot be continued after t = 2.30. No convergei t, :s obtained for the

given time step. The high value of the energy at this stage is to b wcted. Both schemes

conserve the momenta (the zdd-point contact up to the blow-up , thie computation) as

the underlying physical system; see Figure 11.4.10.

The final energy dissipation for the prop )sed scheme is appE: n': in Figure 11.4.10.

WVe note that the tangential frictional forces are always dissipat ? ii, this scheme, as

proved in Section I1.3.3. Hence, they always mply .n energy dec .e. The oscillations

in the energy are due to the normal contac:; comporent. To enfoi , the impenetrability

constraint, energy is transfer back and forth t. the regula:ization t rntials, as shown in

Section 11.3.2. The energy is not lost neithei' crearcd due to thi: n:)cess, assuring the

no-increase over the initial value and with all the etergy stored i 1hose regularization

potentials fully recovered upon release. The i:i stabilities presented y ttie mid-point rule

in this physically dissipative setting are a cons --quenc of the lack cO'<ni.rol of the energy

in the numerical simulation. This situation is. to be zontrated wi 4> newly proposed

schemes.

11.5. Summary and Concluding R 3marks

We have developed in this paper a new i, nplicit tim-o-steppin fc,r frictional contact
problems that inherits the a-priori stability es:imate, of toe conti i::a problem. In par-

ticular, the newly proposed scheme shows unce,:nditional poEitive ei 'g, dissipation in the

frictional problem. The total energy in a num.!'rical simulation is s:v, n to be under con-
trdl, and no instabilities due to an unbounde, I grow;h of the enei , mn occur. We say

that the scheme exhibits unconditional energy stability in time. F tl:c:rmore, due to the

conserving properties of the contact prcssu::c appro> imation, enei I Atability also holds

in the frictionless range. Crucial to these rcs:aIts is the conisidera ,ri of the proper def-
inition of the gap and slip entering the constitutive laws c:f contE I, and a new penalty

Reproduced From
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regularization of the stick/slip conditions. Furthermore, the approximation of the contact
forces does not introduce any linear and angular momentum in the system, as required
from physical considerations.

We have presented several representative numerical simulations showing also a good
numerical accuracy of the proposed methods in the solution of both quasi-static and dy-
namic problems. Our experience with these methods has shown not only improved stability
properties in time, as identified in the previous analyses, but also a more stable enforcement
of the contact constraints when compared with standard implicit schemes. We believe that
the results presented herein furnish a typical example where the a-priori knowledge of the
physical properties of the mechanical system leads to the design of improved numerical
methods.

Appendix IL.1. The Finite Element Implementation.

We summarize in this appendix the finite element implementation of the time-stepping
algorithms presented in this paper. The discrete in time weak form (11.3.1) of the governing
equations in a typical time step {t,•, t,+,} leads after a finite element discretization to the
following algebraic equations in terms of the nodal displacements d,+, and nodal velocities
vn+1 at tn+1 (including all the bodies in contact)

1(n+½)f 1) 1 1(+) 1 ] }(-+V Y (n) (+ 2 + M =o,
1 [f - (1.1)

-(dn+l - dn)v J

defining the (nodal) finite element residual R. In (J.1), M denotes the finite element•(n+½ (n1-ý
mass matrix, j the contributions from external loading fc±+) the contact force,

(n+½1)
and fint 2 the contributions from internal stresses. For example, this internal force for a

isoparametric element in the mid-point discretization (11.3.1) reads

F, (i)T (

,int - E B(i)1 S() d2() , where B j'1 W)T N,

i=1 2(i) n+, n+ ()T 2 + ()T
L701 ),2+ ,2 ,An+2

(1.2)
for each node A = 1, anode with the corresponding shape function NA (NA - k cartesian

derivative), in a plane problem and expressed in the reference configuration. The stresses
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SW) are given by (11.3.12) for the energy-conserving scheme. The rows (,)T

to the columns of the deformation gradient F().

The contact force in (1. 1) is obtained in this work through the widely used master/slave

logic developed in HALLQUIST et al [1985]. In this context, let S denote a typical slave

node of the discretized F(M) surface that comes into contact with a master segment of the

discretized boundary P(2 ) defined by nodes {M1, M2, ... }. Double pass techniques avoid

the prevalent role of the surface of each of the two bodics in contact; see HALLQUIST et

al [1985]) for details. Hence, each slave node in contact is assigned two or more master

nodes defining a contact pair (or element). The simulation in Section II.4 consider bilinear

elements defining two-node linear master segment. This situation is illustrated in Figure

11.2.1. We present below the expressions for the contact forces and their linearization for

this common case only. Plane problems are considered. The general case can be obtained

accordingly.

The contact force fC+') is then expressed as

1 nsalave 1
f(°÷+) A , with fN 8 G1±fT 8 H 1 (1.3)

8=1

where A sla••e denotes the assembly over the n~sav, slave node/master segment pairs.
The values of the normal forces fN and fT are obtained by integration along the slave

surface F(M). As it is customary, we consider nodal quadrature rules, defining the slave
node/master segments described above, leading to the so-called node-on-segment contact.

In this way, we have

fN 8 = P w. and fT 8 = tT ws, (1.4)

with the nodal pressure P and tangential traction given by (11.3.16) and Table 11.3.1,

respectively. In (1.4), we have denoted the correspondiug weight of each slave node S by

w., including the corresponding jacobian (reference length of slave segment). To simplify

the implementation, one can define variable penalty parameters for each slave node, such

that n := K-N ws and 9T := K-T w, are constant among all the slave nodes. All the

arguments presented in this paper apply to this case.

In (1.3), we have used the following notation

- i " 1 2 1 g s ,n + 1

G[Nn+ = sM(G)Vs,n+f and HI,,•+ = Ts+,n+!-'1 2
2 Dsn+½ (1.5)

--NM2(G)Vs,n+½1

where

0 1n+2
,+ = -NM(s)V,,n+½ and Ts,n+½ -NM1(ý,);Fs,n+½. (1.6)

'N M2L -NM2(ý,s)-F,,n+J
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Master Segment M 2

J( Y(X s))

M1 g< 0

Slave node

.+2

FIGURE 11.1.1 Slave-node/master-segment pair for the case of linear
segments in two dimensions, depicting the closest-point projection and
related geometric quantities at the mid-point configuration.

We denote by rF,,+½i = i-r.+/i, , the normalized tangent vector, with 1, = J1,r 1 11, the
2 2 S n+'.

length of the'contact segment at the mid-point configuration in this linear two dimensional

setting. The one-dimensional shape functions NM1 and NM 2 are considered in the above
expressions, with

NMl(ý,) = 1 - & and NM 2 (•s) = , (1.7)

and consequently N¢1 = -NM2 = -1. See Figure 11.2.1.

With this notation, we can write the equation (11.3.15) defining the dynamic gap as

d d I§T [ I8
gs,n+l = 9s" + Gn 1 +½-,n+l (1.8)

and (11.3.21) defining the dynamic slip as

=d + cd d~ (1.9)

Note that A, - I1 in this two dimensional case with linear master segments. Here, we
have denoted

[ 21
I',dM1,+ , (1.10)

d M2J
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referring to the nodal displacements of a typical contact element (pair).

A Newton-Raphson scheme is implemented to solve the nonlinear system of equa-

tions (L.1). Hence, given the nodal values {fdn, vn} at time tn, we consider the consistent
linearization of (I.1), leading to the algebraic system of equations

+ + 2 M --. n+)

in the nodal displacement and velocity increments, with the update formulas
d(k+l) d (k) + Ad(k+l) (1.12)

nl+l -- •~ u"n+l1

and
+1(k+l) (k) + V (k+l) (1.13)

for the values of the displacements and velocities at time tn+1 and iteration (k + 1). In
(I.11), we have introduced the notation

A in+½ "- K (k) Ad(k+') (1.14)
"int 1

with Ad(k+l) !Ad (k+l) for the continuum contributions to the tangent stiffness, with
n+ n+l

material and geometric parts, as usual. Details are omitted. We also introduced the
contact stiffness matrix

A c(n+-ý:= -K (k) Ad (k+l:) (1.15)

n+ 
1

where
nalave 1

Kck) = A Ks , with A +) Ks n8  + , (1.16)
8=1 n+

(note the change of sign) for the contribution of the contact arrays.

The linearization of the nodal contact forces (1.3)2 leads to

.(n+½-)^
A;,c = AfN 8G n+1 + fN. s~n+1

material normal part geometric normal part (1.17)

+ AfT, Hsn+1 + fT, AH n+1 ,

material tangential part geometric tangential part

These different contributions lead to the decomposition

K" = Kat ± geo + K•g o (1.18)-- K•',7N + "Ks,N + s,Tý +r K,,T"
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TABLE I1.1.1 Consistent contact stiffness matrices for a linear con-
tact pair with slave node S.

i. Material normal stiffness:

n s la v e t d9 n + 1

d d sns sjn s,n++ s,n--
krn=t - s,(U(n+l) s n )-' 1 .I I

with thb difference quotient in the first term replaced by U" (s,n+l) fs,n+l gs,n*

ii. Geometric tangential stiffness:

Kgeo = save fN,

"N = i [s,n+ 2 s,n+ 2

s=1 g 1--^ ~gs,n+½ ]
+T 1± ,T+~ b I b I
+ s,,+ T,,+½2s +,+ sn+½

iii. Material tangential stiffness: For a stick step

ýmat = Ws KT 9 MO H 1s,n+® ,½ + -+-Te (dn+l -dn),
KTSti+ T2~naf3 fTr.

and for a slip step,

U/ (d ^1F

KT, 8a =-W I sign (tT.) g -s,n ® [2G +pd d1
s~n ~- - ,s+n-c !D , 1+ C2 1]

- sU3sign (tT,,)--

with the difference quotient in the first term replaced by U" (gd+ 1 ) if dn+l = gd,..

iv. Geometric tangential stiffness:

K'geo fT. 2H +# ®S+
To - 1V ,+2 8,fH+s ,f+H sl+ /12 = -,ln+½ + n+ n2

8 1 - -~+ ® -o½
_T ls 1 -S 1 0T 11s~+f s,fl+' S,fl+' s,fl+ý
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The expressions for each of these parts of the contact stiffness matrix are summarized in

Table I1.1.1, with the following additional notation

0
, = 1 sI), + (1.19)

2 i\M2

and the scalar factors

Cl = g^ ^ s,n+½+f± T (+ _ (20n~ 1,4,s+-d,,n+ Vý+,,~+ 1 n
2(1.20)

C2 =f+½ - .
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III.1. Introduction

Traditional time-stepping algorithms for the temporal integration of the equations of

elastodynamics and structural dynamics were developed in the context of linear problems

for the most part. Hence, it is not surprising to observe that algorithms that present

excellent stability properties in the linear range lead to numerical instabilities in the general
nonlinear range. These instabilities are usually manifested by an uncontrolled growth of the

energy of the discrete system. This observation has motivated the development of the so-
called conserving schemes, that is, time-stepping algorithms that conserve the energy and
momentum for this general class of Hamiltonian systems with symmetry. Early examples
of these methods can be found in LABUDDE & GREENSPAN [1976] and HUGHES et al

[1978], consisting basically of projection strategies imposing these conservation laws. We

can find in the more recent literature a strong interest in the development of time-stepping
algorithms with these conservation laws built in. Representative examples in the context
of nonlinear elastodynamics are the works of SIMO & TARNOW [1992], CRISFIELD & SHI

[1994] and GONZALEZ & SIMO [1995], among others. We also refer to KUHL & RAMM

[1996] for a recent consideration of projection strategies. Applications to multi-body elastic
systems, that is, with a focus on the conservative approximation of the contact interactions,
have been developed in ARMERO & PETOCZ [1998,99], and references therein.

Although the conservation of the physical energy is an interesting property for the
numerical scheme to possess, the need for the introduction of numerical dissipation in the

resolution of the high-frequency range is commonly recognized. This need arises, on one
hand, as a direct consequence of the error accumulated in this range of frequencies, be-
cause of the spatial discretization in infinite-dimensional continuum systems or even by

the physical model itself (e.g., constrained systems modeled through a penalty formula-
tion). Furthermore, the appearance of repeated unit roots in the amplification factors
of typical conserving-type schemes at infinite sampling frequency leads to algebraic in-
stabilities, resulting in a highly oscillatory response near it (that is, for numerically stiff
problems), and thus adding to the aforementioned error in this range of frequencies. In
this way, the formulation of numerical algorithms that exhibit numerical dissipation in

the high-frequency range has received a tremendous amount of attention for linear prob-
lems. Characteristic examples of these methods are the so-called HHT a-method or the
0-Wilson method, among other methods widely used in the engineering literature; we refer
to HUGHES [1987] for a complete account of these ideas in the context of linear elasto-

dynamics. A complete account for more general problems can be found in HAIRER &

WANNER [1991], including a discussion of the related notion of L-stability. L-stable meth-
ods are characterized roughly by the total numerical dissipation of the infinite frequency,
being particularly well-suited for the solution of numerically stiff problems in which this
component of the solution is not of interest, given especially the aforementioned accumula-
tion of numerical error. In the context of Runge-Kutta methods, these ideas lead directly

to the notion of "stiffly accurate" methods (PROTHERO & ROBINSON [1974]).
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The lack of the dissipative character of classical "dissipative" schemes in nonlinear

problems can be found documented in the literature; see e.g. ARMERO & PETOCZ

[1998] and KUHL & CRISFIELD [1997], among others. The need for new time-stepping

algorithms that exhibit these dissipative properties in the fully nonlinear range is therefore

clear. Recent examples of algorithms developed to this purpose can be found in BAUGHAU

L THERON [1996] and BoTASSO & BoRRI [1998], where methods based on discontinuous

Galerkin and Runge-Kutta approaches can be found applied to the integration of beam

models. EVl-ii though high-order schemes have been proposed in these references, these ap-

proaches se,.m to apply to particular cases only, usually involving quadratic potentials and

quadratic strain measures. Furthermore, schemes proposed in this framework do not allow

a direct control of the amount of the numerical dissipation introduced in the simulations.

Motivated by the need of this fully controllable character of the numerical dissipation,
we presented in ARMERO & PETOGZ [1998] a simple modification of conserving schemes

for contact problems that leads to the introduction of numerical dissipation in the sim-

ulation of dynamic contact/impact of solids. These and additional ideas have been later

explored in KUHL &z CRISFIELD [1997] and CRISFIELD et al [1997] for general nonlinear

elastodynamics and nonlinear beams. These schemes, however, do not show the added

numerical dissipation in the high-frequency range when applied to the linearized problem.
We present in this paper the formulation of time-stepping schemes that introduce rigor-

ously the numerical dissipation in the high-frequency range for general nonlinear problems,
while preserving the conservation of momentum and relative equilibria associated to the
symmetries of the dynamical system.

A symmetry of a Hamiltonian system, defined by the action of a group that leaves

invariant the Hamiltonian, is known to result in a conservation law (Noether's theorem) and
the so-called -elative equilibria. These equilibria consist of trajectories of the dynamical
system gen~erated by a fixed infinitesimal element of the group's algebra (its linearization).

The resulting solutions of the system of equations are referred to as group motions. In
this context, a general solution can then be roughly thought as possessing a component

in a group motion and a component in the so-called reduced space of internal modes (the
phase space modulo the momentum preserving group motions). Loosely speaking, for

the problems of interest in this work where the main group of symmetries corresponds to
rotations, the group motions are rigid rotations "locked" at an equilibrium deformation

of the elastic solid, with the internal motions corresponding to internal variations of these
equilibrium configurations. We refer to ABRAHAM & MARSDEN [1978] and MARSDEN

[1992], among others, for complete details of these ideas. The need to conserve these

relative equilibria and, in particular, the need for not introducing any numerical dissipation
in the group motions is apparent. In fact, with the simple model problem of a rigid bar

modeled with a stiff spring in a finite rotation around one of its ends, it can be clearly
observed that the internal motions may even be an artifact of the modelization.

The analysis presented in this paper shows that traditional "dissipative" schemes



F. Armero 106

loose these conservation properties. The analysis considers the simple model problem of a
point mass connected to a central point with a nonlinear elastic spring and in free motion
around it. This simple example has been also considered in numerous occasions in the
past; see BATHE [1986], CRISFIELD k SHI [1994], GONZALEZ & Simo [1996] and KUHL

& CRISFIELD [1997], among others. Our goal in the present work is to consider the axial
response of the spring as the "high frequency" component of the solution introduced in
modeling the limit case of a rigid bar (note that the axial vibration is the only natural
frequency introduced in the physical system). In this context, we analyze completely the
properties of the traditional "dissilpative" schemes (HHT, Newmark and particular cases
of them). A characterization of the relative equilibria obtained with the midpoint rule
and energy-momentum conserving schemes (two momentum conserving schemes) for this
model problem has been presented in GONZALEZ & Simo [1996] through a complete
parametrization of the reduced space. Extensions to more general Hamiltonian systems
integrated with energy-momentum conserving schemes can be found in GONZALEZ [1996].
In contrast, the approach taken here explores the properties of the numerical approximation
of the relative equilibria through the global characterization of these solutions as group
motions (rigid rotations). This alternative approach does not need the conservation of
the angular momentum by the numerical scheme, nor a complex parametrization of the
reduced space. In addition, this approach allows also to characterize completely the relative
equilibria, including the numerical approximation of the associated group motion, in the
general context of nonlinear continuum elasto dynamics as it is pursued herein.

The lack of a dissipative scheme in the high-frequency range that conserves at the
same time the momentum and the relative equilibria of the exact dynamical system is con-
cluded after these analyses. We then propose a simple modification of conserving schemes
that accomplishes these properties in a fully controllable manner. This control is illus-
trated with a closed-form relatini-. Detween the dissipation numerical parameters and the
spectral radius at infinite freqiio.cy for an one-dimensional linear oscillator. We refer to
the new method as the EDMC-1 scheme, which stands for "energy dissipative, momentum
conserving" first order scheme. The proposed time-stepping algorithm is shown to intro-
duce the numerical dissipation only in the internal motions, leading to the exact relative
equilibria in the long-term. We focus in this first part of the series on the development
and complete illustration of these ideas in several characteristic problems of nonlinear dy-
namics, including their treatment by traditional numerical schemes as indicated above. In
this way, the methods considered herein are only first order accurate in time, degenerating
to second order accurate conserving schemes along the trajectories of relative equilibria.
First order methods are of practical interest, especially in problems where one is interested
in the simulation of the relative equilibria. The forthcoming second part of this series
addresses the extension of these ideas to the development of high-order methods exhibit-
ing the same conservation/dissipation properties. The added complexity of the resulting
schemes, as well as the need for complete analyses of their accuracy properties (including
spectral analyses in the linear range), deserves this separate treatment.
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The new dissipative schemes consist of a modified stress formula together with a mod-
ified dynamic equation relating displacements and velocities. To illustrate the flexibility

of these ideas, and before considering the general system of continuum nonlinear elastody-

namics, we develop dissipative schemes for a simplified model of thin beams, the second

model problem. For the sake of simplicity, we consider a system of masses subjected

to a system of internal forces arising from axial and bending contributions of nonlinear
hyperelastic springs connecting them. In this very simple setting, we can illustrate the
introduction of the numerical dissipation through thoý axial part of the problem, while

maintaining conservative the approximation of the bep.diflg contributions. This strategy is
shown to be very effective in arriving to robust numerical schemes, avoiding the high fre-

quency response associated to the sudden changes of the axial response in typical systems
of nonlinear structural dynamics, as it has been observed to lead to difficulties for non-
dissipative schemes (see, e.g., CARDONA k GERARDIN [1988]). These ideas extrapolate
to the more general case of geometrically exact theories of rods and shells with the added
rotational updates. We plan to address these cases in forthcoming publications.

An outline of the rest of the paper is as follows. Section 111.2 describes in detail the
first model problem considered in this work, consisting of the aforementioned nonlinear
elastic spring/mass system. In particular, we include details of the variational character-
ization of the relative equilibria in this simple mechanical Hamiltonian system, as it is
of the interest in the following numerical analysis. Section 111.2.2 considers some exist-i

ing time-stepping algorithms commonly used in elastodynamnic applications, and studies
their conservation/dissipation properties in the general setting presented in Section 111.2.
Details of these analyses can be found in Appendix 111.2. The formulation and analysis
of the new dissipative EDMC-1 scheme is presented in Section 111.2.3. Representative
numerical simulations illustrating these different results are presented in Section 111.2.4 for
this first model problem. Next, Section 111.3 develops lahese ideas for the aforementioned
simplified model of thin beams, including complete defaijs of the formulation of the newly
proposed schemes and representative numerical simulations in Section 111.3.3. Finally, Sec-
tion 111.4 illustrates the formulation and analyses of these methods in the general setting
of nonlinear continuum elastodynaniics. Concluding remarks can be found in Section 111.5.

111.2. Model Problem I: a Nonlinear Elastic Spring/Mass System

We consider in this section the model problem of a nonlinear elastic spring fixed at
one end with a mass at the opposite end in a force free motion. The case of a rigid bar is
recovered in the limit of infinitely stiff spring. This simple setting allows to characterize
many of the numerical properties of time-stepping algorithms for the system of nonlinear
continuum and structural elastodynamics, the main goal in this work. We are interested,
in particular, in high-frequency "dissipative" schemes, designed to handle the highiy os-
cillatory response of these frequencies in the numerically stiff problems of interest. In the
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FIGURE 111.2.1 Model problem: nonlinear elastic spring/mass sys-
tem. Planar definition of the problem under investigation. The case of
a rigid bar IIq(t)jj = l1 Vt is recovered for the limit value of K = 0c.

simple setting of the problem considered in this section, several alternative approaches can
be found in the literature to accomplish a similar purpose, usually involving a modification
of the original problem (see e.g. REICH [1995,98]) or special regularizations of the limit
rigid problem (see e.g. ASCHER & LIN [1997]), but with no direct extensions to the infinite
dimensional system of continuum elastodynamics of interest herein. In contrast, the goal
in this work can be stated again as the formulation of "stiffly accurate" algorithms for the
stiff nonlinear problems of interest, as discussed in detail in the previous section.

To this purpose, and after describing the problem under consideration in Section
111.2.1, we present in Section 111.2.2 the analysis of some classical schemes fo- problems in
elastodynamics. The poor performance observed by these standard scheme- 11i the simple
nonlinear problem under consideration motivates the development the newly proposed
dissipative methods presented in Section 111.2.3.

111.2.1. Problem definition

Figure 111.2.1 depicts the problem defined by a nonlinear spring fixed at the end 0
with a mass m > 0 concentrated at the opposite end. For the force-free motion considered
herein, the nonlinear oscillation and finite rotation (around 0) of the mass takes place
in a plane 17-R]2 . The state of the system can then be defined by the phase space P =

1R2/0 x 1R2 , consisting of the pairs (q,p) E P with the position vector q E Q := R 2/0 of
the mass m with respect to 0 and its linear momentum p E T*Q = 2.

With this notation at hand, the motion of the mass m (that is, the functions (q(t), p(t)) e
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P of the time t E R+) is defined by the simple mechanical Hamiltonian system

q H - =m- P,
gl- Op(III.2.1)

H -V'(l) qq

with the time derivatives (.) and the length of the spring I : qjj = q - for the standard

Euclidean inner product and corresponding norm in R 2. Equation (111.2.1) considers the
Hamiltonian

H(q,p) = K(7r) + V(l) , for the kinetic energy K(7r) = m- r27, (111.2.2)

depending on 7r := IIplH, and the potential V(1) (with derivative denoted by V') modeling

the hyperelastic response of the spring (resulting in the internal force f, := V'(1) q/ljqfl in

the spring, as it appears in (111.2.1)2). The physically motivated case of a convex potential

V(-) is considered in the developments that follow, that is, we have the relation

19 V(1 1) + (1 - 19) V(12) - V(29 11 + (1 - V) 12) > 0 for 9 E [0, 1], (111.2.3)

or, equivalently V" > 0 for the case of a smooth function V(.), as considered herein. The
numerical simulations presented in Section 111.2.4 consider the particular case given by

V1) (1 _l1) 2 (111.2.4)

for a spring stiffness parameter r,. Note that 1 does not define a quadratic function of the
unknown vector q. No additional external forces are assumed in (111.2.1). The nonlinear
first order system of ordinary differential equations (111.2.1) is supplemented by the initial

conditions (q(0),p(O)) = (qo,po) at t = 0. The velocity v of the mass m is recovered as
V = m-P- .

This model problem exhibits the basic nonlinearities characteristic of the problem of

nonlinear elastodynamics of interest in this work and considered in Section III.4, namely,
the geometric nonlinearity consequence of the finite rotation of the mass around the center
and the material nonlinearity for a general potential of the spring. In fact, the characteristic
error introduced in the high-frequency range by typical spatial discretizations of this infinite
dimensional system can be modeled by considering the simple model problem (111.2.1) as
an approximation of the DAE system of a rigid bar. This limit problem and its exact
closed-form solution are given by

l = m-1 P, I fq(t) = exp(t Q0 ) qo,

=fba q p(t) = exp(t fl ,) Po m f2 1 q(t), (111.2.5)
g fb:= I q- =,} _ 2 2

=baMl1o 2 2 
_Io 0 _g~q) jjqj - , =0 , bar0 M13 _T 10 0
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for the length of the bar l1 =qoI, the internal force magnitude fbar in the bar, the

constant angular velocity Q2, ILo ,t,,, the inertia -, := m P > 0 and the constant

angular momentum /o := Po" J q0, in terms of the structure matrix I in ]R2 given by

[0 -10 (111.2.6)
S := 1 0

in a Cartesian basis {el, e2 } of H_1R 2 . We note the skew-symmetry of 1 for later use.

The system of equations (111.2.1) with a finite stiffness parameter K can be understood as

a penalty regularization of the constrained system in (111.2.5) (see e.g. RUBIN &8 URGAN

[1957] and ARNOLD et al [1988], among others). The solution of the penalized system

(111.2.1) involves the rigid rotation similar to (111.2.5) together with the "high-frequency"

oscillation of the spring, the group and internal motions, respectively; see Figure 111.2.1 for

an illustration.

111.2.1.1. Symmetries: energy and momentum conservation, relative equilibria

The system of equations (111.2.1) is a characteristic example of a Hamiltonian system

with symmetry, leading to several conservation laws. We refer to ABRAHAM & MARSDEN

[1978], MARSDEN [1992] and MARSDEN & RATIU [1994] for complete details and further

developments. In particular, and motivated by the numerical analysis presented in the

forthcoming sections, we have the following properties:

i. Conservation of energy. Given the autonomous character of the Hamiltonian
(111.2.2), we have the classical law of conservation of energy, namely,

JiH OH OH- - - -4 .q+ -5p.P
dt Oq

_ H O9H OH OH_
- . H H = 0 H(q,p) = constant (111.2.7)

Oq Op Op Oq

along the solutions (q(t),p(t)) E P of (111.2.1).

ii. Rotational symmetry and conservation of angular momentum. The action of the
group of rotations G := SO(2) on Q = 2/0 (with the the corresponding cotangent lifted

action on the phase space P) determines the invariance of the Hamiltonian (111.2.2)

H(Aq, Ap) = H(q,p) VA E SO(2), (111.2.8)

a direct consequence of the invariance of the Euclidean norm under the action of the group

of rotations. The corresponding momentum map J : P -+ 9* = so(2)_dR reads in this case

(q,p) E P J J(q,p) = p .!q G R , (111.2.9)
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being conserved along the solutions of (111.2.1) since

j(qp)=p'.14+15.q=m- 'p JP- =qp--- q.-q=O ==O IJ(q,p)=constant,

(111.2.10)

given the skew-symmetry of 1. Equation (111.2.10) corresponds to the conservation of the

angular momentum for the mechanical system under consideration.

iii. Relative equilibria. Trajectories of the dynamical system (111.2.1) consisting of

group motions correspond to the so-called relative equilibria, that is, solutions of the form

q(t) = exp(tS'2e) q, , p(t) = exp(tJ1) pe (111.2.11)

for fixed ze (q,,p,) E P and a fixed ,2e E 9--R (the Lie algebra of G) generating the

group motion. The introduction of the expressions (111.2.11) in the governing equations

(111.2.1) leads to the relations

AL = Ie Pe pe = M Se, qe, and V1, (le) := V'(l,) - e = 0 (111.2.12)

where we have introduced the notation l := Iq, the locked inertia Ie := rm l' > 0 at

the equilibrium, and the so-called Smale's amended potential Vo. Condition (111.2.12)8

corresponds to the equilibrium of the internal force in the spring and the centrifugal force

(/,u/mll). The analogy of the relations (111.2.12) with the limit rigid solution (111.2.5) is
to be noted: the dynamical system is said to be "locked" at the relative equilibrium, since

it corresponds to a rigid rotation at the fixed stretching l1 given by the roots of (111.2.12).

We introduce the notation

GI = {A E G I J(Aq, Ap) = J(q,p) for (q,p) E J-'(p)} , (111.2.13)

that is, the subgroup of rotations preserving the angular momentum A. For the mechani-

cal system under study in this section, we trivially have G,, = G due to the commutative

character of G; this situation does not hold in the more general setting of nonlinear elas-

todynamics considered in Section III.4. The identification of two elements of the manifold

J- 1 (L) C P of constant angular momentum if they differ by a momentum preserving rota-
tion leads to the so-called reduced space, denoted formally by Pj, := J-l(jLe)/G,,. With

this notation at hand, relative equilibria (111.2.11) for a given angular momentum Ie are

characterized by the angular velocity S2 e e= R and a single point z, E P,,. Furthermore,

the equations (111.2.12) can be obtained as the stationary conditions of the augmented

Hamiltonian

He(q,p, .Q) = H(q,p) + .Q (p. Jq- /*e) • (111.2.14)
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The second term in this expression identifies the angular velocity Q as the Lagrange mul-
tiplier imposing the constraint of constant angular momentum. In fact, relative equilibria
can be characterized as stationary points of the so-called reduced Hamiltonian

hAe = H(q,p) PA. in P., . (111.2.15)

that is, the original Hamiltonian H(-) particularized to the reduced space PA.

These ideas are illustrated in Figure 111.2.2 in conj-'nction with the numerical approx-
imations considered below. The dynamics in the phase space P reduces to the dynamics in

PAo, which can be shown to be canonically Hamiltonian by the classical reduction theorem
(see ABRAHAM & MARSDEN [1978] or MARSDEN [1992]). The conservation of the Hamil-
tonian in the reduced dynamics (that is, following the level sets of H depicted in Figure
111.2.2) can be shown to lead to the formal stability of the relative equilibria ze (in the
Liapunov sense) if the Hamiltonian has a definite second variation at z,. For the simple
mechanical Hamiltonian system of interest, the minima of hPe correspond to stable rela-
tive equilibria. We note, for completeness, that this condition translates into the convexity
of the amended potential at the equilibrium (i.e. VZ' (l) > 0) in the simple mechanical
system considered herein. However, the numerical analyses considered in this work make
use only of the aforementioned character of the Hamiltonian of as Liapunov function of the
dynamics. We refer to MARSDEN [1992] (page (106)) and SIMo et al [1991] for complete
details of these considerations, where the so-called reduced energy-momentum method is de-
veloped for the characterization of the stability of simple Hamiltonian systems of the form
(111.2.1). We also refer to ARNOLD et al [1988] (page 102) for an alternative derivation.

111.2.2. Some existing time-stepping integratic. schemes in elastodynamics

Consider a partition UnN= [tn, t,+1] of a time interval to = 0 and tN = T, with a typical
time increment At = tn+1 - t,, (not necessarily constant). We denote by q, ,_ q(t,) and
p, - p(t,) the discrete approximations of its continuum counterparts at t,.n With this
notation at hand, we consider the following time-stepping algorithms.

i. The generalized a-method. This three-parameter family of methods generalizes the
HHT a-method of HILBER et al [1977] in a way that includes the general Newmark's
methods as particular cases. For the evolution equations (111.2.1) under investigation, we
write

Iqn+aI0r=nan+1 + Wl(llq +,ll) ~qn+a!

S= qn + Atr-1mPn + - [(1 - 2,3)an + 213an+i] (111.2.16)

Pn = pn + mAt [(1- y)an + -/an+l]
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where an _ - (t,) is the algorithmic approximation to the acceleration of the mass m at

time t, and

q+= (1 - a)qn + aqn+l • (111.2.17)

The following methods are recovered as particular cases:

Algo.1. The a-method. The widely used HHT a-methods of HILBER et al [1977] are

obtained from (111.2.17) with the parameters

,•,)= (a, (1 ) 2 ,( a)) 0.7<a<1 (111.2.18)

The resulting schemes define a second order accurate approximation exhibiting

high-frequency dissipation proven rigorously for the case linear elastodynamics

only.

Algo.2. A "dissipative" Newmark scheme. Newmark's method is recovered by setting

a = 1 for 0 < 3, -y < 1. The particular one-parameter family of methods given
by

_ 51, 3l = (_t + 1)2 /4 (111.2.19)

defines first order accurate methods, exhibiting optimal unconditionally stability

and numerical dissipation in the high frequencies; see HUGHES [1987].

Algo.3. The trapezoidal rule. The member of Newmark's methods defined by (a, 0,'Y) -)
(1, ½, ¼) corresponds to the so-called trapezoidal rule, defining a second order
method that conserves energy in the context of linear elastodynamics.

Algo.4. The midpoint rule. The combination (a, f, -y) = (1, 1, 1) defines a second order
method that conserves angular momentum in the general nonlinear p:oblem, and

energy for the case of linear elastodynamics.

ii. A discrete energy-momentum scheme (Algo.5.) A conserving approximation of

the internal force term can be accomplished with the scheme

qn+1 - qn _ -m P
At n+2 (111.2.20)

P,+I - Pn V(i,+I) - V(1,) qn+1 + qn
At /n+1 -- In 1+ 1 + In

where 1n+1 := INqn+1+ and In := IIqnjj. The scheme (111.2.20) goes back to LABUDDE &

GREENSPAN [1976] for the canonical Hamiltonian system of interest herein. The limit case

of ln+1 -+ In in equation (111.2.20) is well-defined, and leads to the relation

V(l•+1) - V(1) • v'( 1 .1 + In) as n+1 - 1, . (111.2.21)

I.+1- In2
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The resulting method defines a second order approximation of the dynamics inheriting the
laws of conservation of energy (111.2.7) and angular momentum (111.2.10).

111.2.2.1. Numerical analysis: summary of the results

Complete analyses of the discrete energy-momentum scheme (Algo.5.) and the mid-
point rule (Algo.4.) can be found in GONZALEZ & Simo [1996]. These authors con-
structed explicitly the (highly complex) discrete dynamical equations in the reduced space

P,, through the definition of an appropriate coordinate system in this manifold. They
showed in this way that Algo.5. inherits the same relative equilibria of the continuum
problem (defined by equations (111.2.12)), whereas Algo.4. was shown to possess At-
dependent relative equilibria and, thus, different from its continuum counterpart. We note
that both schemes conserve the angular momentum (111.2.10). The unconditional spectral
stability of the relative equilibria for the discrete energy-momentum scheme Algo.5. was
also concluded in this reference, upon linearization of the discrete reduced equations.

Extending these results, we have included in Appendix 111.2 the analyses of all the
numerical schemes (Algo.1.-5.) without the need of the construction of the reduced dy-
namics nor the conservation of the angular momentum by the algorithm. The conclusions
of this analyses can be summarized as follows:

1. The only relative equilibria that the a-method Algo.1. exhibits is given by the
trivial static equilibrium p, = 0. For sufficiently small time steps A~t, the discrete
solution dissipates totally to the static equilibrium: the mass stops asymptotically.
The numerical simulations presented in Section 111.2.4 show that the unconditional
dissipative character of the method is lost, and energy growth may appear for large
time steps A~t in the general nonlinear range.

2. The Newmark schemes Algo.2. show the same numerical properties as discussed in
the previous item for the a-method. The lost of the unconditional dissipative character
in linear problems and the absence of non-static trivial relative equilibria is, therefore,
concluded

3. The trapezoidal rule Algo.3. does possess the same relative equilibria as the con-
tinuum problem. Along these relative equilibria (that is, when the initial conditions
correspond to a relative equilibria), the scheme does conserve energy and angular
momentum. These conservation properties do not hold, however, when starting in
a general state of the system. In this case, uncontrollable growth of energy may be
observed for large time-steps A~t.

4. The midpoint rule Algo.4. exhibits relative equilibria different that their continuum
counterparts (that is, A~t-dependent), thus confirming the analysis of GONZALEZ &
Simo [1996] discussed above. Angular momentum is conserved but not the energy in
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the general nonlinear setting, which may lead to uncontrollable growth of energy for

large time-steps At.

5. The discrete energy-momentum Algo.5. conserves energy and angular momentum

for the general nonlinear dynamic system, preserving the relative equilibria of the
continuum problem.

111.2.3. A nonlinear energy decaying scheme

The results summarized in the previous section identified the absence of a scheme
exhibiting energy dissipation in the fully nonlinear range for a general potential and, more
specifically, showing the dissipation in the high frequency range. To this purpose, we
develop a modification of the discrete energy-conserving scheme Algo.5. exhibiting this
high-frequency energy dissipation by construction. We emphasize again that the current
problem is to be motivated only by analog situations in the more interesting infinite di-
mensional case of nonlinear elastodynamics studied in Section III.4 below.

111.2.3.1. Formulation of the method

A class of time-stepping algorithms that show rigorously energy decay in the full
nonlinear range can be obtained by the following modification of the original conservative
scheme (111.2.20). First, we consider the generalized approximation of the derivative of the
potential

(1 + 2 x1)V(ln+±) - (1- 2 x1)V(in)- 4 X, V(1 -• )

lV± +1 - i. (111.2.22)V(-i V(1,,) + v

for a scalar parameter X1, while maintaining the direction of the force to (q,±++q,)/(ln+1 +
1n) as in (111.2.20). The scaling factors in front of the algorithmic paramter X1 have been
introduced for convenience in writing future expressions (e.g., equation (111.2.48) below).
The last equality in (111.2.22) follows from straightforward algebraic manipulations for

V = 4 X (I [V(l/+i) + V(lW)] -V(ln± n)) (111.2.23)

leading to a dissipative approximation for Dv > 0; see Section 111.2.3.2 below. This
property applies to the case of interest for X, Ž! 0 given the assumed convexity (111.2.3) of
V(-); see Remark 111.2.1.2 otherwise. The residual character of the expression (111.2.23) is
to be noted.
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For the particular potential (111.2.4), expression (111.2.22) reduces to

V'(l) , for t9:=! (1 ± x1), (111.2.24)

reminiscent of the so-called V-method for linear problems; see e.g. WOOD [1990]. Ex-

pression (111.2.24) can be found proposed originally in ARMERO &: PETOCZ [1998] in the

context of frictionless dynamic contact problems, with the quadratic potential V(.) cor-

responding to a penalty regularization of the contact constraint in terms of the normal

gap. This expression was then employed by KUHL & CRISFIELD [1997] and CRISFIELD

et al [1997] in general continuum and beam problems. As shown in the next section, the

expression proposed in (111.2.28) preserves the dissipative properties of the scheme when

applied to general potentials.

A spectral analysis of the resulting time-stepping scheme applied to a 1D linear os-

cillator (i.e., the linearized counterpart of (111.2.1) at q = 0 and p = 0) shows that the

above dissipative approximation is not enough to introduce energy dissipation in the high-
frequency range; see Remark 111.2.2 below. To accomplish this goal (and guided by the
aforementioned spectral analysis) we consider the similar modification of the dynamical
update equation (III.2.20),

(1+ 2 X2)K(7r.,+) - (1 - 2 x 2)K(7r.) - 4 X2 K('1+7'
"- K ) ± rn +D 1 - "nf,2 

(111.2.25)
K('fn,+l) - K(7fn) + •DK

"fn+l -- 7rn

for a scalar parameter X2. Equation (111.2.25) makes use of the notation 7r,+, := lIPp+I[i,

"7r,:= liPnI, and

DK =4 X2 ([K(7r+) + K(7r,) - K(7rn+12 ±7rn)) (111.2.26)

which is non-negative (i.e. 1 9K > 0) for X2 > 0 and convex kinetic energy K(.). For the

typical quadratic kinetic energy (111.2.2), the dynamic equation resulting of the dissipative
approximation (111.2.25) reads

At -2 +l ( +,,) pn+ -' (111.2.27)

as a straightforward algebraic calculation shows.

The final time-stepping scheme can then be written in general form as

qn+l - qn _ 1 + DK Pn+1 + PnAt P+½ 7r-n+1 -- "in 7r~1"+l "{ f
(111.2.28)

Pn+i - Pn V(In+l) - V(ln) + 'Dv qn+l + qn
At 1n+1 -- 1n 1n+1 + 1.•
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for two dissipation functions DK = DK(7r,, 7rn--) and Dv = Dv(1,, l"+±), satisfying the
relations

DK(7r ., 7r ni) -- + 0 as 7rn+l -- 7r , (111.2.29)

7rn1 -- 7"n

and

D (1,, 1n+ 1) 0 as 1,+1 -- 1i (111.2.30)
1'+1 - 1

to assure the numerical consistency of the approximation (111.2.28). We show in Section

111.2.3.2 below that the general relation (111.2.28) exhibits energy dissipation and con-

servation of momentum, under certain conditions of the different parameters. For this
reason, we refer to this algorithm as the first order energy dissipative-momentum conserv-
ing scheme or EDMC-1 for short. The energy-momentum conserving scheme (111.2.20) is
recovered by simply setting X2 = X, = 0.

Remarks 111.2.1.

1. We note that alternative expressions for the dissipation functions DK and Dv can be

used. For example, an alternative definition of Dv in (111.2.23) for a smooth potential
V(.) is given by

Dv 2 X1 (V'(ln+) - V'(ln)) (l.+1 - 1n) Ž 0, (111.2.31)

or by 1

1Dv = 1 X1 v"(lt) (lnq 4 -/)2 _> 0, (111.2.32)

for the stretch It at some time t. Both expressions (111.2.31) and (111.2.32) are non-

negative for X, > 0 and a convex potential V(.) (i.e., satisfying (111.2.3)). The factors
used in (111.2.31) and (111.2.32) are such that for a quadratic potential these ex-

pressions coincide with (111.2.23). The consistency condition (111.2.29) can be easily
verified for (111.2.31) and (111.2.32).

2. As a matter of fact, the dissipation functions Dy and DK may not be necessarily

based on the real energy functions K(.) and V(-), respectively; see, in this respect,
the discussion in Section 111.3 for the model problem of thin beams incorporating the

numerical dissipation only through a part of the potential contributions to the final
response of the dynamical system. In particular for the case of a non-convex potential

V(.) on the strain measure 1, the use of the (lower) convex envelope of V(.) (see e.g.
DACOROGNA [1989], page 35) defined by

CV=sup{g_<V I g convex} , (111.2.33)
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in the expression of the dissipation (111.2.23) assures the dissipative property (111.4.27).

3. For X2 and X1 constant, the above approximation is only first order accurate in time.

Second order approximations (in the sense that the truncation error is quadratic in At

as At -+ 0) can be easily obtained by considering X2  = , O(wAt) for w = VK/-•/.

In this case, however, the numerical properties of the scheme for a fixed and finite

At are the same of the first order method with corresponding parameters X2 and

X'. More complex alternative definitions of these numerical parameters are therefore

required. This issue is the focus of the second part of this series of papers.

111.2.3.2. Discrete conservation/dissipation properties

The numerical properties of the time-stepping algorithm (111.2.28) are summarized in

the following Proposition.

Proposition 111.2.1 The numerical scheme (IlL.2.28) possesses the following conserva-
tion/ dissipation properties:

1. The angular momentum is conserved, that is,

J,+l = J,. (111.2.34)

2. The total energy H satisfies the relation

H•+1 - Hn = [DK + DV] , (111.2.35)

for any At. Hence the scheme is unconditionally dissipative (i.e., thr energy decays

or is conserved for any time step At) if DK + DV > 0. In particul,-, this condition

is satisfied by the definitions (111.2.26) and (111.2.23) for convex functions K(.) and

V(.), and X2 >Ž0 and X, >-0.

3. The discrete dynamical exhibits the solutions

qen = Anqe, Pen = Anpe, (111.2.36)

for {qe,Pe} satisfying the exact equilibrium relations (111.2.12) and

A.+, = An 1I + At 0, 1 [ t-Qe E SO(2), (111.2.37)
2 2

cay (Ate?)

for the arbitrary initial rotation A 0 .
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Proof: The proof of these discrete properties follows closely the counterpart proofs of the
continuum system. Briefly:

i. Conservation of angular momentum. Multiplying equation (1II.2.28), by "Jpn+.!

we obtain
(q.+, - q.) p n1 = 0, (111.2.38)

after noting that the right-hand-side vanishes due to skew-symmetry property p n+

Jpn+ I = 0. Similarly, multiplying (111.2.28)2 by lq n+' we have

(P,+i - p.) " Jqn+ 1 = 0. (111.2.39)

Finally, combining (111.2.38) and (111.2.39), we obtain

Jn+I - Jn = Pn+1 Jqn+l - P" *qq

= (pn+1 - p,) " !q, +1 + Pn+ "I (qn+l - qn) 0, (111.2.40)

after some straightforward algebraic manipulations and the use once more of the skew-
symmetry of 1. The conservation of the angular momentum (111.2.34) follows.

ii. Energy dissipation. Multiplying equation (111.2.28), by (Pn,+- Pn), (111.2.28)2

by (qn+l - q,) and subtracting the resulting expressions, we obtain after some simple
algebraic manipulations the relation

Kn+j + Vn+l - Kn + V. = - [2)K + DV] (111.2.41)
Hn+1 Hn

The decay of the energy
Hn+1 _< Hn, (111.2.42)

follows, in particular, for 2 9K > 0 and 2Dv > 0. As noted in the previous section, these
last two relations follow from the convexity of the (quadratic) kinetic energy and from the
assumption of a convex potential function V(.), respectively, with X2, - 0 and X1 > 0.
The case of a non-convex potential is discussed in Remark 111.2.1.2. The unconditional
dissipative character of the proposed scheme follows.

iii. Conservation of the relative equilibria. We first note that DgK = DV = 0 for
an incremental rotation between {qn+l,,p,•+} and {qn,pn} like (111.2.36). Note that
7r, = 7rnl = 7r, and 1n = I1,+ = l1, with the limit expression (111.2.21) applying in this
case. A direct calculation shows that the sequence (111.2.2) satisfies the discrete governing
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equations (111.2.28), after noting the algebraic relation for the Cayley transform (111.2.37)
with Se E R

- A, 2ezl [A,+, + A0] , (111.2.43)
2

if the conditions

2

Pe = Selq, and V'(le) - 2 for /e = m l Se, (111.2.44)m/3
eI

are satisfied. We conclude again that l = Ijqe~j and De satisfying exactly the relations
(111.2.12) as in the continuum problem. The only approximation involved in the numerical

solution reduces then to the consideration of the Cayley transform (111.2.37) instead of

the exponential mapping (111.2.11) in the symmetry group G = SO(2). As noted in

Remark 111.2.2 of Appendix 111.2, the resulting equations in this case coincide with the
corresponding equations of the trapezoidal rule and energy-momentum conserving scheme.
The relative equilibria characterized by (111.2.36), (111.2.37) and (111.2.44) correspond also
then to these cases.

Proposition 111.2.1 identifies the unconditional stability (in the sense described below)

of the proposed scheme under the assumptions stated in it. Namely, consider the discrete
dynamical system defined by the algorithm

(qo,p.) - (qn,P•,) n=0,1,2,... , (111.2.45)

assumed to exist (maybe imposing a restriction on At for the equations (111.2.28) to define
(qn+l, p, +0) continuously in terms of (qn, pA)). Since by Proposition 111.2.1 the algorithm

also prep-,ves the angular momentum J(q, p) = p, the discrete dynamical system (111.2.45)
does take place in J-'(!Le), that is,

(q.,pn) E J-'(ie) n = 0,1,2,... (111.2.46)

with simply I.L = J(qo, po) for the initial conditions. Therefore, the discrete system
can also be reduced from J-1 (ie) to the reduced space P,, := J-(1(e)/G1,e, following

the same arguments as for the continuum problem. In particular, the relative equilibria
of discrete dynamical system (111.2.45) correspond to the exact relative equilibria Ze =
(qePe) E P,, of the exact system, as shown in Proposition 111.2.1. Furthermore, this
proposition shows that the Hamiltonian H(.) of the exact problem defines a Liapunov
function of the discrete dynamical system, that is, the exact Hamiltonian H(.) defines
a decreasing function along the discrete flow (111.2.45). The formal stability of these
relative equilibria for the resulting discrete dynamical system in the reduced space P.

follows then by Liapunov theorem (see e.g. HIRSCH & SMALE [1974], page 193) when
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J-P(•.) cP

iiii i i G '.i ie

discreteG9 Q trajectory

level sets of h±.e
(II constant) Ze

P~e-- g - (g)/ Ga

FIGURE 111.2.2 Sketch of the discrete dynamics induced by the nu-
merical scheme. High-frequency energy dissipation is introduced in the
internal motions, while maintaining a second order approximation of
the group motions of the relative equilibria.

the reduced Hamiltonian (ITI.z.15) (for the exact system, independently of the actual
algorithm considered) exhibits a minimum at ze. This is the same condition as for the
exact continuum system, as discussed in Section 111.2.1.1.

We note that for the particular case (111.2.4), we have

Dv = Dv(l,,ln+1) < 0 for 1i+, : 1. , (111.2.47)

and similarly for DK in terms of the quadratic kinetic energy. We also note that if IIq,"I =
fjq,,+ 1 j, then q,, and qn+, define the same element of P, = J-1 ([L)/G•, (that is, there

is a rotation relating both). Therefore, the qualitative picture in P,, with a stable relative
equilibria z, attracting asymptotically the trajectories of the discrete dynamical system
(II.2.45) becomes clear; see Figure 111.2.2 for an illustration. Following a similar argument,
we also observe that for the case that the exact continuum system exhibits an unstable

relative equilibria at z,, with HIp,, not exhibiting a minimum at ze, the discrete dynamical
system will exhibit the same properties for the relative equilibria.
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Midpoint rule

Mass trajectory Spring length

-10 -0 0 6 10

Angular momentum Total energy

FIGURE 111.2.3 Nonlinear mass-spring system. Solution obtained
with the midpoint rule.

Proposition 111.2.1 characterizes completely tile stability properties of the resulting

discrete dynamical system in the fully nonlinear range. In fact, the final response is fully

depicted in Figure 111.2.2, where the dissipation of the internal modes in the reduced space

P,,, is shown. The group motions are not dissipated and only approximated by the Cay-

ley transform (111.2.37) instead of the exact exponential map of (111.2.11). The long-term

solution of the discrete dynamical system corresponds then to a second order approxi-

mation, energy and momentum conserving approximation of the relative equilibria of the

exact problem. This situation is to be contrasted with the existing "dissipative" schemes

considered in Section 111.2.2, leading only at best to the static equilibrium position asymp-

totically in the long-term. As noted in the introductory Section 111.1, the introduction

of numerical dissipation only in the internal motions of the problem is fundamental for a

good integrator in the fully nonlinear range.

Remark 111.2.2 As also noted in the introduction, it is crucial to assure the presence

of the energy dissipation in the high-frequency range. We evaluate this (linear) property
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Energy-momentum conserving

Mass trajectory Spring length

4t - 0 6 10o

Angular momentum Total energy

FIGURE 111.2.4 Nonlinear mass-spring system. Solution obtained
with the energy-momentum conserving scheme.

by performing a spectral analysis of the discrete equations for a 1D linear oscillator with
a natural frequency V/r-/m. We refer to Part II of this series for additional details in
conjunction with high order methods. These calculations reveal that the spectral radius
at infinity p,, is given for the new scheme proposed in this section by the expression

Poo=max(I' 7 XiI' X2 ) (111.2.48)

showing a full symmetry in the algorithmic parameters X1 and X2 ,and making optimal the
consideration of equal parameters X1 = X2. In particular, the consideration of X1 = 0 or

X2 = 0 leads to p, = 1, thus precluding the presence in the high-frequency range. The
need of introducing the dissipative terms in the velocity and force equations as in (111.2.28)
is then concluded.

111.2.4. Representative numerical simulations
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"Dissipative" Newmark

Mass trajectory Spring length

103

Angular momentum Total energy
- 1..

FIGURE 111.2.5 Nonlinear mass-spring system. Solution obtained
with the "dissipative" Newmark scheme.

To illustrate the analytical results presented in the previous sections we present next
the numerical results obtained with the different time-stepping under investigation for a
particular case. We consider a spring characterized by the potential (111.2.4) with param-
eters 1,, = 10 and n = 15. The value of the mass mass is m = 2. The assumed initial
conditions are

qo = [0 1 0 ]T and POa [-20 0 ]' (111.2.49)

leading to an initial angular momentum of Tot - 1qO = 200 and initial energy of
Hw = 100. The relative equilibrium length corresponding to the angular momentum I

given by (111.2.12), is 1, = 11.001377.

We run the simulations using the previously considered time-stepping algorithms with

a constant time step of At = 1 for 2, 000 time steps total. Figures 111.2.3 to 111.2.7 show
the results for the midpoint rule, energy-momentum conserving scheme, "dissipative" New-
mark (-y = 0.611), HHT (a = 0.889) and dissipative EDMC-1 (X, = , = 0.11) schemes.
The spectral radius at infinity of pt = 0.8 has been set for the last three schemes. In all
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HHT

Mass trajectory Spring length

IDI

Angular momentum Total energy

FIGURE 111.2.6 Nonlinear mass-spring system. Solution obtained
with the HHT scheme.

cases, w(, plot the trajectory of the mass, the length of the spring, the angular momentum
and the total energy.

Figure 111. 2.3 shows the results for the midpoint rule. We observe the well-known non-
conservation of energy and conservation of angular momentum in this nonlinear range. The
oscillation of the spring's length is also apparent. An increase of the time step leads even-
tually to an unstable response characterized by an uncontrollable growth in the energy
(see GONZALEZ & Simo [1996]). The results obtained with the energy-momentum con-
serving scheme are shown in Figure 111.2.4. We observe the improved energy response
given by the conservation of the total energy. However, we can still observe the presence
of "high-frequency" response in the solution as illustrated by the oscillation of the length
of spring.

We consider two standard "dissipative" schemes to eliminate this oscillation in the
spring. Figures 111.2.5 and 111.2.6 show the results for the "dissipative" Newmark and
HHT schemes, respectively, both with p,,, = 0.8. In both cases, we observe the elimination
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Energy- dissipative momentum-conserving (EDMC-1)

Mass trajectory Spring length

-10 L

-10 -0 0 6 10

Angular momentum Total energy

-- - - -U

FIGURE 111.2.7 Nonlinear mass-spring system. Solution obtained
with the (energy-dissipative, momentum-conserving) scheme.

of the oscillation in the spring's length after an initial period. As shown in the analyses
presented in Section 111.2.2.1, this dissipation comes also with a complete dissipation of

both the angular and total energy in the system. The system tends asymptotically to the

static relative equilibrium of a mass at rest. We observe a much more rapid dissipation in

the Newmark scheme, a feature that can be traced back to the first order accuracy of this
scheme in contrast of the second order HHT scheme. In any case, the long-term solutions
are unacceptable.

Figure 111.2.7 shows the results obtained with the new energy-dissipating, momentum-

conserving (EDMC-1) scheme. The conservation of the angular momentum pi = [t, at all

times is verified. We can also observe the elimination of the high-frequency dissipation in
the spring's length after an initial period of time, maintaining the spring at an essentially

constant length. The long-term solution corresponds to the relative equilibrium for the

assumed angular momentum, confirming the analyses presented in Section 111.2.3.2. A
monotonic dissipation of the total energy to the equilibrium value is also observed. The
spring continues in the equilibrium rigid rotation for ever, approximating closely the exact
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HHT (large At)

Mass trajectory Spring length
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FIGURE 111.2.8 Nonlinear mass-spring system. Solution obtained
with the HHT scheme with a larger time step (At = 1.6775).

rigid limit solution (111.2.5). In fact, the approximnition of this limit solution is second
order in time, as discussed in Section 111.2.3.2. The improved long-term response of the
newly proposed scheme in front of existing schemes is concluded.,

To illustrate the lack of unconditional dissipativity in traditional "dissipative" time-
stepping schemes, we include in Figure 111.2.8 the results obtained with the same HHT

scheme considered before (i.e. with p,, = 0.8), but with a larger time step of At = 1.6775.
We observe that, after an initial period of energy decay, the total energy starts increasing
eventually, leading to non convergence of the numerical simulation at a time of t -_ 58.
The lack of dissipativity for this scheme and time step becomes evident.

111.3. Model Problem II: a Simplified Model of Thin Beams

We consider in this section a simple model of the bending of thin beams to illustrate

an additional property of the previous ideas in the development of dissipative numerical
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nod

2-node axial element 3-node bending element

Is

I r 2 1 r1 3

FIGURE 111.3.1 Model problem II: thin beams. Geometric definition
of a simple model for the simulation of the axial and bending contri-
butions of a thin beam.

scheme: namely, the flexibility of introducing a priori the numerical dissipation in the
desired components of the problem. The numerical model of beam bending developed in
this section considers the axial and bending contributions of the beam deformation through
the simple consideration of axial and bending springs. We plan to present the formulation
of similar schemes in the context of general geometrically exact theories of Cosserat rods
in a forthcoming publication.

111.3.1. A simple model of beam bending

Consider a system of npoint point masses connected by axial and bending springs,
modeling the corresponding components of the deformation of a thin beam. The usual
assumption of neglecting the shear deformation is implied in the word "thin" (that is, of
the Euler-Bernoulli type). We consider, for simplicity, the plane case, although the devel-
opments presented herein apply to general three-dimensional problems with the addition,
if desired, of similar contributions modeling the torsion component of the beam or rod.

Figure 111.3.1 illustrates a typical configuration of the system of point masses mi with
corresponding position vector denoted by qj. Denoting the linear momentum of each mass
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by pi, the governing equations read

Ml nli A

__nelem f}e)(q) fet (III.3.1)

e=1

(no sum in i implied) with q {qi, q2,. . . I, qpoi}, for a set of external forces filt and

a system of internal forces f(e) acting on mass mi (i = 1, npoint), the latter composed
by the assembly of different nelem "elements" as described below. In particular, we con-

sider the contribution of 2-node axial elements modeling the stiffness of the system to

stretch axially, and of 3-node bending elements modeling the stiffness of the system to
bend. To this purpose we present next the axial and bending elements depicted in Figure

111.3.1 separately.

i. A 2-node axial element. Every two consecutive masses mi are assumed connected
by a nonlinear spring characterized by a potential

Va = Vax(l) for 1:= V-r •r (111.3.2)

for the vector r = - qe1 connecting nodes 1 and 2 of the axial element; see Figure
111.3.1. With this notation, the axial forces acting on each node are obtained through the
corresponding derivative of the potential V(1), thus leading to

aqxV = VV (111.3.3)f ae ax,) = IX ': 2 aqe.2 V r~

as a simple calculation shows. The analogy with the developments of Section 111.2.1 is
apparent.

ii. A 3-node bending element. In the spirit of the simplicity of the current model prob-
lem, we introduce torsional springs between any three consecutive masses {qe1 , qe2, qe3 }
to model the bending stiffness. Denoting by 29 the angle between the relative vectors in
such an element, we can write

A
cos19=-- for A=rl.r 2  and v:=11 12 , (111.3.4)

with
ri :=qi-q 3  and 1i = Vri-.ri (i = 1,2), (111.3.5)

following the notation of Figure III.3.1. A bending potential

Vbend = V'bend(7 9) = Vbend(A, v) (111.3.6)
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is introduced. The simulations presented in Section 111.3.3 consider the particular potential
2• _L9 1 vb +2'/ AII37

Vbend ½b tan2b = C (11±.7
S2 2 v- A (

for a material constant Cb. The potential (111.3.7) penalizes the full overlapping of the

element for V --+ ±=r. The associated nodal forces are then obtained as

f (e)(ebende, Nqe Vbend r'2
f(e) e() b O e r
fbend T- e n N. Vbende•nAbend r-

f () 9qd3 Vb- d --r - r2

bende3

[2+ {-2 }1 , (111.3.8)
--1 1 - -r + 2 r

as a simple calculation shows.

Remark 111.3.1

1. Equation (III.3.1), assumes no additional contributions to the kinetic energy of the
system but of the linear momenta pi; that is, the kinetic energy is given by

npoint

K(p)= ImT 1 jPII2 • (111.3.9)

This assumption accounts for neglecting any contribution arising from a rotatory
inertia. It is well-known that this lack of rotatory inertia introduces infinite phase
velotities in the high-frequency range of the bending modes of an Euler-Bernoulli
be"I.n (see e.g. GRAFF [1975], page 181). For the problems considered in Section
111.3.3, typical in structural dynamics applications, this high-frequency content of the
beam's response in bending is not manifested, allowing to simplify the forthcoming
developments.

2. The system of equations (111.3.1) defines a Hamiltonian system with the conservation
property

H(q,p) = K(p) + [V.([)(q) + V(e)J = constant,(111.3.10)

e

for the case with no external loading fizt = 0 (i = 1, npoint), as a simple calculation
shows. Similarly, for the case of no external loading and no imposed displacements
(i.e., no imposed q) straightforward manipulations show the conservation laws

npoint npoint

1 pi = constant and I := * jqj = constant, (111.3.11)
i---1 i=1
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for the linear and angular momentum, respectively. LI

111.3.2. An unconditionally dissipative time-stepping scheme

Conservative and dissipative approximations of the axial contributions (111.3.3) are

obtained exactly in the same way as in (111.2.28) for the spring model problem considered

in Section 111.2.3. In this way, the velocity equation is approximated in time by

qj.+1 - q±. = ( 7ri.+l - Ili- ) pt+ for in 1,poit 1 (111.3.12)
At7rin+l 7[rin

with : P I: p and 7/i÷1 := liP+1 11. The discrete counterpart of the axial nodal forces

contributions are obtained through the expression

f(e) fa'e, _ 2 V..(ln+1) - V..(ln) + Dv r DV.1
S1n(e)2  + + in 11 - 1. r (111.3.13)

for a dissipation function Vazy defined as in (111.2.23). The conservation/dissipation

relation
npoint

S x()- (qf-+, - qi-) = Vax(ln+l) - Vax(ln) + DVz 1 (111.3.14)
i=1

follows easily, as it is for the relations

npoint npoint

5 f().-=0 and 5 ."qi+ = 0, (111.3.15)

showing the momentum conservation properties of the scheme for the Neumann problem,

after following arguments siMilar to the ones presented in Proposition 111.2.1; additional

details are omitted.

The bending counterpart is constructed in terms of the two variables A and v intro-

duced in (111.3.4) as

f (e)
bed, +1bnd+V

f~i (e f:de) 2 bend bend 2 enend ndf r2
bend fbende2 1 (n+ -- An r -+2f(e) -n- 1+2

bedend
((' + v") (,) (0,0)•
S(benld +Ve)-2(Vbend + V.nd +Dh/L

+
Vn+1 -n

0 r2 (111.3.16)
- n+1 r n+12
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where 1i = (ljý+, + li,, )/2, and, for example,
[1 (V(1,1) v(,) v01 (0,0)_ N1 1(11) + (½,10))

Dv\= 4 A +1 en 01,) + v0 0" + V, '1 ~,n (111.3.17)
4Dv ,= X, [• (bend bend bend bend 2 bend Ybend (I

for a parameter x. > 0 and similarly for VDv, for a parameter X, Ž 0. The convexification
presented in Remark 111.2.1.2 is used, if required. We have made use of the notation

V(el1) Vbend(An+l,Vn+l) ' ViQr - Vbend(Ani,+) ...n
V(½11) " (A,+, + An (111.3.18)

end Vbend( 2  ) ,)n+1) ....

in these last expressions. A simple calculation leads to the relation

npoint

--e v(bend + DV0 -) (111.3.19)
bendibend bend VA

i=1

showing the conservative/dissipative character of the proposed scheme. Similarly, the
momentum conserving relations

Tnpoint npoint

---- 0' and •end *Jq'n+ =0, (111.3.20)

follows, as it is the conservation of the corresponding relative equilibria for the Neumann
problem. The proof follows the arguments of Proposition 111.2.1; details are omitted.

The purpose for the consideration of this sirtple model problem is to illustrate the
flexibility in the introduction of the numerical rl;szpation in the proposed time-stepping
algorithms. As illustrated by the numerical examples presented in Section 111.3.3, the axial
part of the deformation leads to a high-frequency response when compared to the bending
contributions. Therefore, the introduction of the dissipation in the axial contributions
(that is, DvA = Dv, = 0) leads to an efficient way to eliminate the problems associated
to the high-frequency range, as illustrated next.

111.3.3. Representative numerical simulations

We present in this section a numerical example to illustrate the performance of the
different time-stepping algorithms considered in this work when applied to the simple
model problem of thin beams developed in the previous section. The problem is depicted
in Figure 111.3.2. It consists of two rigid links connected to a thin beam modeled by three
internal equal masses Mb, with two additional masses m. = 10 •mb located at the ends
of the rigid links. The potential (111.2.4) is considered for the axial contributions whereas
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Mb=O0.2

1M = ma10 -Mb

K= 500

F(t)

25.

0.25 0.50 t

FIGURE 111.3.2 Thin beams: problem definition. A thin beam is
attached to two rigid links in the configuration shown in the top posi-
tion. A point force is applied downwards to the right end of the beam
for an initial interval of t = 0.50. Different positions of the deformed
configurations afterwards are shown in the figure as obtained by the
EDMC-l scheme.

the bending potential (111.3.7) is considered for the bending contributions; the assumed
stiffness parameters r. and Cb are included in Figure 111.3.2. The two connections between
the beam and the two rigid links are pinned (i.e. no bending stiffness). jAi. initial triangular
force pulse

10 lOt, 0 <t < 0.25,
F(t) = 50 - 100 t , 0.25 < t < 0.50, (111.3.21)

01, t>O0.50,1

is applied as shown in this figure. The rigid character of the two links is imposed by a
standard augmented Lagrangian scheme based again on the penalty potential (111.2.4).

After the application of the load (111.3.21) the system evolves such that, as shown in
the numerical simulations presented below, the beam oscillates in the low bending modes
with high axial forces appearing due to the sudden change of axial stiffness when the
beam elements become aligned. Note also the large masses at the ends of the beam. The
high-frequency content of this sudden forces introduces significant difficulties for the time-
stepping algorithms not exhibiting a high-frequency energy dissipation, an observation
that can be traced back to CARDONA & GERARDIN [1988]. We also refer to BAUCHAU &
THERON [1996] for a similar problem. The example presented herein has the advantage of
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FIGURE 111.3.3 Thin beams. Solution obtained with the midpoint
rule. Left column: Total energy (-) = kinetic -)+ potential (-)
energies. Right column: axial (-) + bending -)energies = poten-
tial energy.

exhibiting repeated aligned states thus building the high-frequency content in the solution.

Figures 111.3.3 and 111.3.4 depict the results for different time-stepping algorithms.
Specifically, the energy evolution obtained by the midpoint rule, energy conserving and
HHT schemes are presented. The left column in these figures shows the evolution of the
kinetic and potential energies, and their sum, the total energy. The right column shows
the evolution of the axial and bending potential energies, which add to the total potential
energy shown in the left column. All the simulations are run with a constant time step

At= 0.05.

Figure 111.3.3 includes the solution obtained with the midpoint rule. As depicted in
this figure, the numerical simulation explodes after a relative short time interval. It is
clear from this figure that the failure in this case is associated to an unbounded growth of
the energy, and more specifically due to an unbounded growth of the axial energy. Figure
111.3.5 shows the evolution of the norm of the acceleration of the middle node of the beam.
The uncontrolled growth of this quantity is evident.

The results for the energy-momentum conserving scheme are presented in Figure
111.3.4. The conservation of the total energy after the initial interval of application of
the load is apparent in this case. The plot of the axial and bending energies illustrates
clearly the oscillation of the beam between states of high energy content in its axial com-
ponent. The simulation, however, stops for the given time step at one of these spikes
in the axial at (t 4.2). The Newton-Raphson scheme used to solve the incremental
problem ceases to converge. Even though a reduction of the time step may possibly lead
to converge, this response illustrates the difficulty in handling the incremental process by
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FIGURE 111.3.4 Thin beams. Comparison of different numerical
schemes for a model problem. Left column: Total energy (-) = ki-
netic (-) + potential (-) energies. Right column: axial (-) +
bending (-) energies =potential energy.



F. Armero 136

Midpoint rule Energy conserving
30 350

250 250

200 200

,0 8

i -

0 1 2 3 4 5 8 7 8 8 1. 0 1 2 3 4 5 a 7 8 9 10
Th_ Tkn.

HHT scheme EDMC-1 scheme

250- 2-0

I00 100

so s

50 5 0

0 1 2 3 4 5 8 7 8 9 10 a 1 2 3 4 . a 7 8 9 10

FIGURE III.".5 Thin beams. Evolution of the norm of the accel-
"eration in the middle node of the beam obtained with different time-
stepping schemes.

time-stepping algorithms not exhibiting high frequency dissipation (in the current case,
exhibiting a double unit root at infinite frequency), besides the possible consequences in
the dynamic response of the algorithm in time. The solution obtained in the time step
previous to this lack of convergence is shown in Figure III.3.6.a. It shows clearly the
aligned configuration of the beam, leading to the sudden increase in the axial stiffness as
described above. Further proof of the dynamic character of the observed instability is given
by the uncontrolled growth of the acceleration in the later stages of the simulation shown
in Figure 111.3.5. The norm of the acceleration of the middle node in the beam is depicted
versus time. This lack of control of the acceleration is characteristic in the performance of
time-stepping algorithms not exhibiting dissipative properties in the high-frequency; see
e.g. SIMO et al [1995].
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FIGURE 111.3.6 Thin beams. Last converged solutions obtained with
the HHT and energy-momentum conserving schemes.

Figure 111.3.4 also shows the results for the HHT scheme. A large value of p',
0.9 for the spectral radius at infinity is considered. The resulting evolution of the total
energy depicts clearly an overall energy decay (not monotonic) in the early stages of the
simulation. However, this situation changes at a certain instant during the computation
with an increase of the energy (even over the initial energy level), leading eventually to
the stopping of the simulation for the considered time step. The lack of the unconditional
dissipative properties of the scheme in the nonlinear range are evident, in contrast with
its well-known stability in the linear range. The growth in the acceleration can also be
observed in Figure 111.3.5, starting during the stages where an increas, of the energy
is observed. Figure III.3.6.b shows the final converged solution before the stop of the
calculation. The large content of axial energy is evident.

Figure 111.3.4 depicts also the solution obtained with the dissipative EDMC-1 scheme.
A value of x, = X,= 2.51i0-3 is assumed for the axial terms, leading to the same spectral
radius at infinity of p,,, 0.9 for these contributions as assumed previously for the HHT
scheme. The monotonic decay of the total energy can be observed in this figure, passing the
time steps where both the energy-momentum conserving and HHT schemes led to a lack of
convergence. We have not observe any problem with the convergence in this simulation. We
can also observe in Figure 111.3.4 the elimination of high-frequency in the evolution of the
axial energy for this case when compared with the original energy-momentum conserving
scheme at the stages right before the latter scheme failed to converge. The control of
the evolution of the acceleration during these stages is also apparent in Figure 1113.5
We conclude that the numerical scheme is able to handle better the sudden changes of
axial stiffness, and its associated high-frequency content, thanks to this added numerical
high-frequency dissipation.
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FIGURE 111.3.7 Thin beams. Configuration of the structure at dif-
ferent time. Solution obtained with the new EDMC-1 scheme.
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III.4. Extensions to Nonlinear Elastodynamics

We present in this section the extension of the previous developments to the general

case of nonlinear elastodynamics. To this purpose, we present in Section 111.4.1 a brief

description of the governing equations and the dynamical properties of interest. After

describing in Section 111.4.2 the ideas and analyses presented in the previous sections for

the two considered model problems to the problem of interest in this section, we describe

in Sect-ion 111.4.3 two representative numerical simulations illustrating the properties of

the newly developed time-stepping schemes.

111.4.1. The governing equations

We denote by W = @(X, t) the deformation of a solid body B C IR'dim (ndim =

1, 2 or 3) with material particles X E B, and by p = 15(X, t) the corresponding linear

momentum density. The material velocity is denoted by v. The infinite-dimensional

system of nonlinear elastodynamnics can then be written as

(v:-)c•--po' p, 1

ju 1 5. J dB +jfS: F TGrad(Sco) dB =j13poB -JWdB +j3T cJsadF, (111.4.1)

for all admissible variations JW E V, that is, the space of variations satisfying homogeneous

essential boundary conditions 6J = 0 on O9B (the part of the boundary with imposed

deformations), as usual. The standard notation for the reference density of the solid

po, > 0, the deformation gradient F := GradW, the second Piola-Kirchhoff stress tensor

S, the external body force B, and imposed tractions T on OTB has been employed in

(III.4.i. The case of interest corresponds to an hyperelastic solid characterized by a

stoked energy function W W T•(C), with C := FTF (by frame indifference), and the

stress-strain relation

S- 2- (111.4.2)

Equation (111.4.1)2 has been written in weak form given our interest to develop a finite

element implementation of the resulting methods.

The equations (111.4.1) define an infinite dimensional Hamiltonian system, exhibiting

in particular the classical law of conservation of energy

H(p,p) = p-1 JjpI12 dB + W(C(so)) dB = constant, (111.4.3)

in the special case of a Neumann problem (that is, B = T = 0 and O•B = 0). Similarly in

this case, the symmetry of the Hamiltonian (111.4.3) under rigid body motions, consisting
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of rigid translations and rigid rotations (G = R •dim x SO(ndim) in the notation of Section

111.2.1.1 above), leads to the conservation laws of the linear and angular momenta

1 := j pov dB = constant and J :=j S p, x v dB = constant, (111.4.4)

for the cross product x of two vectors in 1R3 (or its corresponding embedding in lower

dimensions).

The presence of these symmetries lead to the existence of the associated relative

equilibria characterized by the equilibrium deformation Pe (up to a rigid body motion),
for the equilibrium angular velocity ,2e and translational velocity ve. The equilibrium

trajectories Wet(X, t) are generated by the infinitesimal rigid motion corresponding to ,2e
and ve, that is, they are the solutions of the first order ordinary differential equation

'Pet = (2e X Wet +Ve (= Pet = po[Pe X et +Vel) , (111.4.5)

with, say, WPet(X, 0) = We(X) VX E B. The integration of (111.4.5) leads to the solutions

t (X,t) =exp [th2e] •Pe(X) + u(t) for u(t) (J exp [7f2,] d??) Ve , (111.4.6)

consisting of a rigid translation and a rigid rotation with constant axial vector Re (with
f2e denoting the corresponding skew tensor). Carrying on the time integration in (111.4.6)
leads to the alternative closed-form expression

1 t
U(t) = - (1 - exp [tf2,]) S2e X Ve + (ne2* V-----

II9e 112 ( ye)2.112

with the well-defined lircl Ue(t) = Vet for jj 2e1l --+ 0. Again, the above solutions fix

the arbitrary superposed rigid body motion by assuming, without loss of generality, that

Wpet(X,0) = We(X).

Inserting the expression (111.4.6) in (111.4.1), we obtain the weak equation

jB S(W,) : FTGrad(5JP) dB = j Poie X [X V? X We + Ve] .6W' dB, (111.4.7)

characterizing the relative equilibria. The weak equation (111.4.7)2 is to be understood
for all variations 6W E VIGe,,,, that is, and following the notation introduced in Section
111.2.1.1, up to rigid body motions preserving the linear and angular momenta, le and ie

respectively. Using the relations (111.4.4) with (111.4.5), we obtain the following equilibrium
relations for these momenta

le = M + 0, X We(')] and A e = l(c) O_ + Wlc) X 1e (111.4.8)
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with S?, x 1e = 0 and A0, x 1,c)92, = 0 (i.e. Se is an eigenvector of the locked inertia 1(c)),

for the total mass M = f1 p, dB, the position of the center of mass wc) := (f, PpedB)/M,

and the locked inertia tensor at equilibrium

f(c) j O [H1WeH - Ce ® WPe] dB3 - Mi~ [e~c~2 - We) (111.4.9)

We refer to SIMO et al [1991] for complete details. In particular, all the arguments char-

acterizing these solutions as the stationary points of the corresponding augmented Hamil-

tonian, exactly as for the simple model considred in Section 111.2, can be found in this

reference. From a physical point of view, we observe that (111.4.7)2 can be understood as

the equilibrium of the solid under the action of the centrifugal force associated to the rigid

motion.

111.4.2. An energy decaying scheme

The developments presented for the two model problems considered in the previous

sections translate directly to the system (111.4.1) of nonlinear elastodynamics. In the

context of the finite element method, the resulting scheme reads

A A /1V A~~iIIviXn+l -- +X, n VA (A= 1, ,node) 1(111.4.10)

A7t n+ nA '")

ML Vn+t- V+ fB T S dB - f(ext) = 0, (111.4.11)

f(i(t)

for a typical spatial finite element discretization involving the nodal positions (and corre-

sponding nodal displacements) xA = Cp(XA, C) = XA + dA (A = 1, nnode), and nodal
velocities v := {v , ... ,VIVo}. The linearized strain operator Bn+1 is defined by the

relation
Bn+½5d := F T+½ Grad (6p),1 (111.4.12)

for an admissible variation JW and its corresponding nodal values 6d. The stress S in

(111.4.11) is given by the relation

S = Cc+I + 2 I - CII 1 - C, (111.4.13)S Sco~ + 2tc,.+1" - Cn11 1lC,,+1- Cn11 I

:= N

for the Euclidean norm of a rank-two tensor liCI12 := CijCij and for a conserving approx-

imation Scon, of the stress, that is, satisfying the relation

Swo, IL (C.+ 1 - Cn) = W(Cn+l) - W(Cn) . (111.4.14)
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The simulations presented in Section 111.4.3 consider the particular expression

Scons 2 + -W(C)N +2 [I-N® N9 W(Cn+1 •) (III.4.15)
- 1-+ - L j11 2

with the well-defined limit

l= 2 CW(Cn+1 + C,) for C, = Cn+, (111.4.16)

first proposed in SIMO & GONZALEZ [1996], where N has been defined in (111.4.13). The

dissipation function Dw = Dw(Cn, C,,+l) is constructed using the ideas presented in

Section 111.2 for model problem I. In particular, the consistency condition

DW-(C, C 1) -- + 0 as IICn+1 - C.11 --+ , (111.4.17)

IICn+l - Cni

is imposed. The simulations presented in Section 111.4.3 are based on the residual expres-

sion

S:= 4 x, [1 (W (C .±1 ) + W (C o)) - W (CL ++ 2+ C -)] (111.4.18)

for a scalar parameter X1, as in model problem I. Alternative expressions following the
arguments in Remark 111.2.1.1 can also be considered. Finally, equation (111.4.11) makes
use of a lumped mass matrix ML (obtained, for example, by the traditional row sum).

This consideration allows to arrive to a nodal form of the update equation (III.4.11)1, thus
simplifying considerably the final numerical implementation.

The proposed numerical scheme exhibits the same properties as presented in Section

111.2.2 for the simple model problem of the nonlinear spring-mass systm. We summarize
these properties in the following proposition.

Proposition 111.4.1 The numerical scheme (III..10)-4(III..11) possesses the following
conservation/dissipation properties for the Neumann problem of nonlinear elastodynamics
(i.e. f(ezt) - 0 and OaB = 0):

1. The discrete linear and angular momenta are conserved. That is, given ML = diag(mA)
(A = 1, nnode, with mA > 0) with

,node nnode

1 h := MLV = T mAVA and jh E MA A X V A, (III..19)

A=1 A=1

for the spatial nodal coordinates xA A:= (XA), we have

n = n and jh+1 J (111.4.20)
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unconditionally in the time step At.

2. The total energy

H= v. MLv + jW(C) dB, (111.4.21)

satisfies the relation

H. - Hn -[DK + DV] for Dv := fB DW dB, (111.4.22)

with Dw given by (111.4.18) and

1 Tnpoint

1K = 2 X2 E m A (IIv+±IH - OnvI) 2 > 0, (111.4.23)
A=2

for X2 > 0. Hence the scheme is unconditionally dissipative (i.e., the energy decays

or is conserved for any time step At) iff Dv !> 0. This last inequality follows from

the convexity of W(C), or its convexification otherwise (see Remark 111.2.1.2).

3. The discrete dynamical system preserves the relative equilibria of the continuum sys-

tem. That is, the discrete relative equilibria We satisfy the finite element equation

nnode

mA f2, X (•e +ve) + Be s W)dB= 0, (11-.4.24)
A=1

the counterpart of (IL.4.7), with the corresponding group motions (IlL.4.6) approxi-

mated by the discrete relations

n e
V = Ancpe + uW,
vAAn [•"2eXp+ 1}(1.2)
Vn n [S0e e + rV]

where poA Cpe(XA) and the sequences {JA} 0 and {un}-,= are defined for some

initial value Ao and uo (an arbitrary rigid body motion) by the relations

An+, = Ancay(Atf2e) and un+1 = u, + At A* Ve, (111.4.26)

for A* An+An+1) /2 and

cay (At?) + Atbe] [ 1- AQe1 E SO(3), (111.4.27)

in the general three-dimensional case.
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Proof: The proof follows arguments similar to the ones presented in Section 111.2.3.2 for

the proof of Proposition 111.2.1. Briefly, we have:

i. Conservation of linear momentum. The evolution of the linear momentum for the

Neumann problem of interest is given by

nnode nnode-l~ _ "h = A " A) = fA t)'-a

A=1 A=1

= f S: FIT+ Grad(a) dB = 0 Va E RRndim (111.4.28)

after noting that JW = a is an admissible variation (OB = 0). The relation (111.4.20)1
follows.

ii. Conservation of angular momentum. The evolution of the angular momentum for
the Neumann problem of interest is given by

nnode

(J jh) w Z MA x(vA + VA)±(XA 1xn n+½

A=1

"node

XA d W(±A"

+A----Ii A n ~ n--

A=i IIVn+ill + IVnll "+½x 2"

A10

A=1 n+ nnnode

WXA WF

:F,+_ SF W W dB=0 Vw E RIndi (111.4.29)

symmetric skew

for the skew-symmetric tensor W with axial vector w. Note that 6W = wxA+1 is an

admissible variation for the Neumann problem (aB = 0). The relation (111.4.20)2 follows.

iii. Energy evolution. The evolution of the kinetic energy is given by

nnode nnode

Kn+i Kn Z: mA ( -n+l v) nA) vA 1VA =) -- XA)

A=1 A=1
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nnode HIVn' 1 1H - HIvn'IA I A).V
A x2 mA n±1An n+(

A=1 n+ iIn

;'K

nnode

= S ) A A) AA (111.4.30)

A=1

after using once again (111.4.10) and (111.4.11). The energy evolution equation (111.4.22)

follows after noting the relaion

E A t). XA AA=I(i n+1 - Xn) =1j (W +l - wn - w) (111.4.31)

A=I

after using (111.4.15).

iv. Relative equilibria. We first observe that the velocities (111.4.25)2 are such that

I~vA+i1[ = IlvAII (A = 1,nnode), so 1DK = 0 Similarly, we have Cn+j = Cn = Ce for the

deformations defined by the nodal displacements (111.4.24), thus leading to Dv = 0 and the
limit formula (111.4.16). The existence of the solutions (111.4.25) and (111.4.26) satisfying
(111.4.24) can be verified by direct calculation after noting the relation

An+1 - An = 2 (A. + An+1 ) fe (111.4.32)

for the rotations (1I1.4.26)1. El

Remarks 111.4.1.

1. Formulations involving a consistent mass approximation in (111.4.11) are constructed
as follows. Denote by NA the finite element shape function of node A = 1,... , nnode,
so the consistent mass block corresponding to two typical nodes is given by

MAB = jB PoNA NB dB 1 E lRndin xndim (A, B = 1,... nnode)• (111.4.33)

Equation (III.4.11), is then replaced by the relation

XA - A XA
+1 = A1+ g A ss "",(A= 1,... I fnode) 1 (111.4.34)

where the nodal vectors gdis E R -dim are the solution of the system of equations

B I1•,,+111 - IIvnl
MABgdiSs = XJ poNA ,v +- dB. (111.4.35)

13 11Vn+ 111 + JI~Vn 11
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Calculations similar to the ones presented in Proposition 111.4.1 show the very same

conservation/dissipation properties for this consistent mass formulation, with DK

given in this case by

1£
DK =•X2 p. (I1v.+1 - 0lvl1)2 dB > O, (111.4.36)

2 1

and the linear and angular momenta given by the continuum relations (111.4.4). The

resulting global character of the nodal displacement updates (111.4.34) by (111.4.35)

leads to a much more involved implementation. Efficient iterative schemes can be

devised; details are omitted. Nevertheless, the original lumped formulation (111.4.11)

is preferred due to this added computational cost.

2. The expression resulting of (111.4.13) and (111.4.34) for the stress tensor S can be
written as

S + 2 W(C,+I±)-W(C)+•W + - :N] N , (111.4.37)

for S 2acW((C±,+. + C,,)/2). We note, however, that any other expression of
S consistent with the continuum stress formula (111.4.2) can be used. The numeri-
cal properties described in Proposition 111.4.1 still hold for the resulting first order

formula.

111.4.3. Representative numerical simulations

We illustrate in this section the previous theoretical developments with two repre-

sentative examples, in plane strain and three-,cýmensional settings, respectively. Figure
111.4.1 depicts the geometric definition of the 1,roblems under consideration, consisting of

a circular cylinder and two panel arms, a configuration in satellite type structures. In both
cases, we consider a Neo-Hookean stored energy function

W(C) = Alog2 J + ½ L (I, - 3) - ptlog J (111.4.38)

for J = dx/-detC and I1 = tr C. The parameters A = 3,000, / = 750 and density P. = 8.93

are assumed for the cylinder, and A = 100, M = 25 and po, = 0.5 for the arms.

In both the plane and three-dimensional cases, the solids have free boundaries and no

external body or surface loads are applied. The motion is started by imposing an initial

velocity at each node corresponding to a rotation around an axis passing through the
center of symmetry. That is, the initial nodal velocities are perpendicular to the vector
joining the nodal point to the center, with a magnitude proportional to the radius and the

initial angular velocity f2?,. For the plane strain case, this rotation is plane. The initial



Final ReT~ort, F49620-97-1-0196._ 147

40.00 20.00 40.00 33

Plane strain problem Three-dimensional problem

FIGURE 111.4.1 Nonlinear elastodynamics. Geometric definition of
the solids considered in the plane strain and three-dimensional prob-
lems, respectively.

nodal displacements vanish. These initial conditions lead to' a deformation and rotation
(tumbling in the general three-dimensional case), with the center of the solid being at rest
at all instances by symmetry.

Figures 111.4.2 and 111.4.3 depict the solution obtained by the new EDMC-1 scheme for
the plane strain case with 0, = 0.28112. The dissipation parameters of X, X1  0.025
have been chosen, wit a constant time step of At = 0.3. The initial stages of the simulation
are shown in Figure 111.4.2, where we can observe clearly the bending and axial modes of
the more flexible arms in the initial motion. Figure 111.4.3 shows later stages of the same
simulation. We can observe the effective elimination of these high-frequency modes, with
the solution consisting essentially of a rigid rotation locked at an equilibirium position. This
response confirms fully the analyses presented in the previous sections fdr the proposed
algorithms. Indeed, Figure 111.4.4 includes the evolution of the angular momentum (one
component in this plane problem) and the total energy. The conservation of the former
at the initial value of p = 1.2974~ - 0 is verified, with the total energy depicting also a
monotonic dissipation to the asymptotic value of H,, = 1.5272 .10 4 .

For comparison, we also run this same plane strain problem with the HHT scheme
(a=0.9), with the same constant time step of At =0.3. Figure 111.4.5 shows the

evolution of the angular momentum and total energy for this case. We observe that the
energy dissipation is not monotonic, and that the angular momentum is not conserved.
In fact, the angular momentum decreases (observe the decreasing trend in the end of the
assumed simulation time, as well), leading to a slow down of the overall rotation of the
solid corresponding to the group motions of these problems. The deficient dissipative
properties of the HHT scheme obtained in the analyses and numerical simulation of the
model problems considered previously are then also observed in this more general setting
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t=0.0 t 25 t 50

t 75 ýt 100 51 t 125

t 150 t=175 t 200

t 225 t=250 t 275

FIGURE 111.4.2 Plane strain simulation. Short-term solution ob-
tained with the new energy-dissipative momentum-conserving (EDMO-
1) time-stepping scheme.
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t = 9.875.10 t = 9.900-103 t = 9.925-103

9.950-103 t =9.975-103 000.104

FIGURE 111.4.3 Plane strain simulation. Long-term solution
obtained with the new energy-dissipative, momentum-conserving
(EDMG-1) time-stepping scheme.

of nonlinear elastodynamics.

To illustrate more clearly the conservation of the relative equilibria by the new EDMC-

1 scheme, we obtain the deformation Pe corresponding to the relative equilibrium by solv-
ing the weak equation (111.4.7) with a prescribed angular velocity !2, at equilibrium (and

V,=0). The corresponding angular momentum I.L at equilibrium is given by (111.4.4) and
has the value p,i = 1.2974. 10 5 for the previous simulations starting away from equilibrium.
Due to the symmetry in this problem, the imposed essential boundary conditions when
solving (111.4.7) consist of fixing the central node of the cylinder, and constraining the
rotation around it. Figure 111.4.6 shows the resulting deformed configuration of the solid.

Once the exact solution We at equilibrium is obtained, we repeat the dynamic simula-
tions with the initial nodal displacements corresponding to WPo = We and the initial nodal

velocities corresponding to v,, = Q~ee3 x WPe, with e3 being the unit vector perpendicular
to the plane of the problem (We is measured from the center of the solid). As before, no
degrees of freedom are restrained in the dynamic simulations. Therefore, the exact solution
for these initial conditions should be a uniform rotation about the center of symmetry of
the solid.
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FIGURE 111.4.4 Plane strain simulation. Evolution of the angular
momentum and total energy in time along the numerical solution pre-
sented in Figures 111.4.2 and 111.4.3 obtained with the EDMC-1 scheme

(X1 = X2= 0.025). Constant time step of At 0.3.
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FIGURE 111.4.5 Plane strain simulation. Evolution of the angular
momentum and total energy in time for the HHT method (a = 0.9).

Constant time step of At = 0.3.
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FIGURE 111.4.6 Deformed configuration corresponding to the rel-
ative equilibrium. Points A, B, and C are marked on the horizontal
symmetry axis. These are the points whose trajectories are depicted in
the following plots.

Figures 111.4.7 and 111.4.8 depict the evolution of the angular momentum and total
energy obtained with the the EDMC-1 (X, = X,= 0.025) and HHT (a = 0.9) schemes.
Figure 111.4.9 depicts the relative errors of the radial distance to the center, that is,

Sr'(t) - r'(O) (1..9
r (0) (1..9

for the nodes A, B, and C (see Figure 111.4.6). The conservation of the energy and the
angular momentum, and the error measures E' give a complete idea of how close a motion
is to a relative equilibrium.

FRom the plots in Figures 111.4.7 and Wi.4.9, we can clearly observe that the motion
obtained with the EDMC-1 scheme is a rigid rotation about the center of symmetry
of the solid, with constant energy and angular momentum. Notice also that the values
of the angular momentum and the energy during the motion are IL 1.2974 - 105 and
H, = 1.5272. 104 respectively. These values correspond to the constant angular momentum
IL and the asymptotic value of the total energy H.. in the original numerical simulations
starting from general initial conditions. The deformed configurations at the later stages
of the simulation depicted in Figure 111.4.3 are also to be compared with the equilibrium
configuration of Figure 111.4.6. These results confirm the conservation by the EDMC-
1 scheme of the relative equilibria, and the dissipation to these (non-static) equilibria in
the general case, shown in the analyses and numerical simulations for the model problems
considered previously.

This situation is to be contrasted with the solutions obtained with the HHT scheme.
As shown in Figure 111.4.8 the angular momentum and total energy of the solid are both
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FIGURE 111.4.7 Plane strain problem. Energy and angular momen-
tum with initial conditions corresponding to a relative equilibrium.
EDMC-1 method with X = X2= 0.025. 300 time steps of size
At = 0.3
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FIGURE 111.4.8 Plane strain problem. Energy and angular momen-
tum with initial conditions corresponding to a relative equilibrium.
HHT method, a = 0.9. Time steps of size At = 0.3, final time
Tf = 500. Both the energy and the angular momentum decrease in
the simulation, so the relative equilibrium can not be conserved.
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FIGURE 111.4.9 Relative error in distance to center of the solid of
nodes A, B and C. Left: EDMC-1 scheme (Xj = X2 0.025). Right:
HHT scheme (a = 0.9). Constant time step At = 0.3.

dissipated even though the initial conditions correspond to the exact relative equilibrium.

The appearance of internal modes of vibration for this case is clear in the evolution of the

radial relative errors presented in Figure 111.4.9.

To conclude we present in Figures 111.4.10 and III.4.11 the results obtained with

the EDMC-1 scheme for a similar problem but in general three dimensions. As in the

previous plane case, the initial conditions are given by zero nodal displacements and the
nodal velocities of a rigid rotation. The initial axis of rotation is (1, 1, 1) in a Cartesian

coordinate system with origin at the center of cylinder, and two orthogonal directionm

along the axis of the cylinder and the middle line of one of the panels, respectively. The
initial angular velocity is fl,, = 0.2. These initial conditions do not correspond to a

relative equilibrium and lead to a general motion consisting of a tumbling rotation and

internal vibration modes of the solid. In particular, the deformed configurations of Figure

111.4.10 clearly show the bending, torsional and axial oscillations of the solid arms. Figure

111.4.11 shows the solution at a much later time for the same numerical simulation. The

progressive elimination of these modes can be observed, without requiring the elimination

of the overall rotation of the solid. Figure 111.4.12 depicts the evolution of the three

Cartesian components of the angular momentum and the total energy of the solid in time.

The conservation of the angular momentum and the monotonic decay of the energy to

the relative equilibria is verified. The additional fact that these dissipative properties

are totally controllable, as shown by the analyses presented above, make the proposed

time-stepping schemes very interesting for problems involving this type of free motions.
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FIGURE 111.4.10 Three-dimensional problem. Solution obtained
with the new energy-dissipative, momentum-conserving (EDMC-1)
time-stepping scheme.
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FIGURE 111.4.11 Three-dimensional problem. Long-term solu-
tion obtained with the new energy-dissipative, momentum-conserving
(EDMC-1) time-stepping scheme.
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FIGURE 111.4.12 Three-dimensional problem. Evolution of the total
energy and the three Cartesian components of the angular momentum
obtained with the EDMC-1 scheme.
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111.5. Concluding Remarks

We have presented in this paper the formulation of time-stepping algorithms that ex-

hibit numerical dissipation in the high-frequency range in the general context of nonlinear

dynamics. In particular, we have presented analyses of existing and new methods for two

simple model problems and the fully nonlinear problem of nonlinear elastodynamics. Sev-

eral representative numerical simulations have been presented illustrating the performance

of the new schemes as related to the analyses presented.

As a final conclusion, we emphasize one-- more the importance not only of having

proven rigorously the dissipative properties in the high-frequency range for general non-

linear problems, but also the need for the numerical schemes to preserve the conservation

laws of the linear and angular momenta. The need for the conservation of the relative

equilibria of the underlying physical system has also been illustrated. The lack of numer-

ical dissipation in the group motions of systems with symmetry is of the key importance

for the simulation of elastic systems in free motions. The results presented in this first

part of this work show a simple way of introducing this dissipation, in a fully controlled
manner. Even though, the resulting algorithms are only first. order accurate in time (but

leading to a second order approximation of the group motions), we believe that obtaining

a correct qualitative picture of the exact dynamics for a fixed time step, as obtained with
the proposed schemes, is even a more important property. This is especially the case after

noting the qualitatively distorted picture of the phase space obtained with more tradi-
tional "dissipative" numerical schemes, including high order schemes. Extensions leading
to higher order methods that exhibit the aforementioned conservation properties for gen-

eral problems of nonlinear elastodynamics (general potentials) together with a controllable
numerical dissipation can be obtained by preserving the structure of the numerical algo-
rithms presented herein, but with high-order expressions of the dissipative contributions.
These ideas are the focus of the forthcoming second part of this work.

Appendix 111.1. The Characterization of Discrete Relative Equi-
libria

Relative equilibria of Hamiltonian systems with symmetries correspond to the trajec-

tories generated by the action of an one-parameter subgroup of the symmetry group, the

so-called group motions. For the spring-mass model problem of interest herein, these equi-
libria have been characterized in Section 111.2.1.1 as the rigid rotation of the spring, with
a constant angular velocity f0, and constant stretch of the spring 1, related by equation
(111.2.12). The goal of this appendix is to characterize the corresponding solutions of the

discrete dynamical systems generated by typical time-stepping algorithms. We summarize
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only the main ideas involved in the analysis and refer to ROMERO & ARMERO [1999] for
complete details of the derivations involved.

More specifically, we investigate the existence of discrete solutions of the form

,,= Aqe and Pen+1 = Ape• , (III.l.1)

for a rotation A e G = SO(2), constant for all time increments [tn, t,+,] n = 0, 1, 2,.... A
constant time step At = t,,+ - t, for all n is assumed. Denoting qe =_ q.. and p. = peý
(note that relative equilibria are defined up to a rotation), we conclude that for the assumed
solution

{ tiqej I = IIqeIIle =:, (Ili.1.2)
qe, = Afqe and Pe = Anpe ==4, IpenfI = llpell le

for all n = 0, 1,... If V9 denotes the angle between the qn and qn+l vectors, we can write

A (cos t9 - sin )(A ,sin V Cos ?9 '

in a Cartesian basis {ei, e2}. Without loss of generality, we consider

qe = le ei • (111.1.4)

The solution (111.1.1) defines the relative equilibria of the discrete dynamical system defined
by numerical scheme, generated by the constant rotation A E SO(2) (or alternatively by
,d E R as defined in (111.1.3)).

III.1.1. The generalized ca-method

We consider first the generalized a-method defined by equations (111.2.17). In this
case, the generalized midpoint vector q,+,± = (1 - a)qn + aqn,+ can be written as

q,ý+. = Gq, = GAq, with G := (1 - a)AT + al1, (111.1.5)

and similarly for the generalized midpoint momenta p,,+,. We note that the matrix G is
not a rotation, except for a = 0 or 1, and that it commutes with A that is, GA - AG, as
it can be easily verified from the definition (111.1.5)2 Introducing the definition

At 2  q,'(jfq,,+jj) At 2 f/I(jlGqjll)m IIq,±+j 1 r IlGq(ll1.
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the evaluation of equations (111.2.17) leads. ufter some algebraic a.aipulations, to the

relation

lP = rn/At [A - 1 + v(! - i)G + z3AG] q; (1I1.1.7)

for the linear momenta p, at equilibrium and, after using (111.1.4), IC equation

[[ 2A2 + ±,t.A + C-A:' + no I] e= 0,(

where we have introduced the notation

no = I + v(! - 20 4- 3. + -y - 2avy)2
•1= -2 + v'-(-aI-;: + • - a•),

K2 = 1 + a/h' ,
KT =V [(0 -1)1 - (1j + 2) a)].

Relative equilibria will then exist if equation :111.1.8) has EL soluti defining V and 1, =

jlqeji through (111.1.6).

Remarks III.1.1.

1. The combination A = 1, v = 0 is a sohliion fcr every comi ation (a,flq). This
situation corresponds to the trivial soluti)m witl, the mass at !s- '9 ; 0 and 1e = 1,
(the stress-free length of the spring). Any ,: onsistc nt tine-stepp Ig, :lgorithm possesses
this solution trivially.

2. Equation (111.1.8) can be interpreted as tle sum of fcur vecto c 1. Aei, Aae, iATCi
each one scaled by a factor io. 'm •2, Nm r espect vely. C

We analyze next the solutions of equ-ti:n (III 1.8) for the T=.rent time-stepping
algorithms identified in Section 111.2.2.

Algo.1. The HHT-a method. The Hitb,: -Hughes-Taylor a-t tlhud (see HILBER Ai
al [1977]] corresponds to equations ([11.2.17, v. ith pa&ameters

(>2- U)2 (3-- 2a),
(a, , Y) = ( , a)4 2 7 0.7'- Q: L. (11.1.10)

The values of the parameters Ki are given in t tis case

Ko= 1++Va(3c 2 --6a,+4),
4

=-2 ± "'(--3 c2 - 9a'2  Sa ± 4),
",4 (11.1.11)~4r12 1 + -oi(2--:)

K'2

4-
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FIGURE III.1.1 IIHT method. max,•j cosOtJ for 0.2 < :. If
I cos tI < 1, we must restrict a to 0.3,' < a < .

The introduction of these parameters in (III....8) wilh A given b: 111.1.3) leads to the.
system of equations{K2 cos(2'O) + (ni N+ r) cosS+ 1 o , = 0

K2Sin(2i1) + (KI - K-T) Sin V 0 = O Ž2 .. 1 (for 0 # 0),
2

(111.1.12)
Figure: III.1.1 depicts this last relation, showiag the maximum co Ls a function of a.
For a given a this inaximunm is aLtained as v --ý oc. Furthermorc ;c' Ihave < 1
for any value of v, we must restrict a > 0.35. '4ote tf.at the HHT ': L[y considers a > 0.7.
Introducing (III.1.11) in (III.1.12)1 we obtain

1

KT('Tr - K1 ) + n2(Q0 - K'2) = C I* -(a -- i)a 2 1v = 0 (111.1.13)
4

This equation is satisfied in three cases: v =- C (the tiVJal static e, ilibrium), a = 1 and
a = 0. The case a = 1 corresponds to the tr ipezoic al rule and i.r •alyzed below. The
case a = 0 is beyond the restriction (III.1.IC. We c~nclude that 'I.ee is no dissipative
HHT scheme possessing a discrete relative equ ?libriuri.

Algo.2. A "dissipative" Newmark schcm,:. Ncwinark~s mctho. s recovered from the
general cxpression (111.2.17) with a = 1 and 0 : t3, l 1. The par u4 ar combination

I -

_< _ , : 1: (_y + L ) /2 Ii..4
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defines a one-parameter family of first-order i tgoritl.ns that are It:c.mditionally statle
and exhibit numerical dissipation in the high .requer.cies, Lr line, 1.cblems. With the
consideration of a =1 in (111.1.9), equation (11.11.8) ieduces to

[72 A2 + ,mA - 1] el i= 0, (1I1.1.15)

with
-2 + v(½ +;' - 2,3) (I±$v) (1.1.16)

-4-= 1v(-- -- 1)2 ad •2

We note that 1 + 4( - -y + l) is always pos:.tive if 8 = (-y + ½) ' ý < • 1. The
close examination of the vector relation (II.]1.15) reieals that a i :e ;sary condition fbr
this equation to have solution is that fl2 - 1. ]I efining, e I- - > we have

2
72> 1, (>.17)

so 772 > 1 strictly for every P > 0. This impliýs thai, (111.1.15) dc. uict have a solution
and hence, this dissipative Thirl.y of Newmarkx's metlod do uot ex x:) relative equilibria
in the problem under consideration.

A Ign.3. The trapezoidal rule. The consideration of the parar .:(r values (a., 'y)
(1 1, ½) reduces equation (111.1.15) to the s-,,si: fm of equations

cos 2 :z (+I1.1.18)

sin 2d + ijs:ia V 0,

in terms of the incremental angle 19 and 1r = (z''2 -2) /(1 + P/4). EL: 3 Jions (111. 1.18) have
the nontrivial solution 77 = -2 cosz9. This irr.p, es tha,; the trapezoi. I -ule admits discrete
relative equilibria in the problem under consiueratiorz. The corresl icing p, is recovered
from (111.1.7) by the relation

pb = Xv, -' I (, (I]L1.1.9)

where .i has been defined in (111.2.9).

It is interesting to observe that the tratez 2,idal exhibits the sai; leiative equilibria as
the exact continuum problem. This statement is shown by observib first that the energy
is conserved along the solution (II.1.1) by (Il .1.2). 3imila:ly, the viular momentum at
the relative equilibrium is given by

/Ze = P e, jSq , • .- m 12I l ,
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after using (111.1.7), and is conserved. Noting that G = 1 in this case, the definition
(111.1.6) leads to

At 2 Vý'(le)
trap m e 'l

so (111.1.20) leads to the equation in l1

2

Vi(1e) := V'(1e) - Pe 0, (111.1.22)
m 13

that is, exactly the same equation (111.2.12)3 as for the continuum system. We conclude
that the discrete relative equilibria of the trapezoidal rule are the exact ones, with the
energy and angular momentum conserved along then. It is important to point out that
this scheme does not conserve energy nor the momentum from general initial conditions.
Interesting enough the algorithm still inherits the exact relative equilibria.

Algo.4. The midpoint rule. A similar calculation for the midpoint rule parame-
ters (a, f3, 7) = (1, ½, 1) shows that exactly the same system of equation (111.1.18) as in
the trapezoidal rule is obtained. We conclude then that the midpoint rule also exhibits
discrete relative equilibria, characterized also by the expressions (111.1.19) and (111.1.20).
The nature of these relative equilibria is completely different when compared with their
counterpart of the trapezoidal rule (that is, the exact ones). The difference stems from the
expression

- At 2 I'"(lGqeIl) z V'(jjGq,!j) = A--2 1GqI (111.1.23)
midp m jjGqj m14

characterizing the relative equilibria of the midpoint rule. The relations (111.1.23) are Co
be contrasted with (111.1.21) and the exact equation (111.1.22). Noting that

IlGq -ll- • 1 ± cosz9, (111.1.24)

and that 79 depends of the time step At, we conclude that the relative equilibria of the mid-
point rule depend on the time step. The same conclusion, together with relation (111.1.23),
was obtained for this case in GONZALEZ &• SIMo [1996] after a complex reduction of the
discrete dynamical system defined by the numerical algorithm to the reduced space of axial
oscillations of the spring/mass system.

Remark 111.1.2 For the newly proposed EDMC-1 scheme (111.2.28), we note that for the
solution (III.1.1) under investigation Dv = DK = 0, given (111.1.2). The scheme reduces
then to the energy-momentum scheme (111.2.20) along this solution, leading to a second
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order, energy-momentum conserving approxin:.ation. In addition, obtain exactly thE
same equations (II. 1.18)- (II. 1.21) of the trape,:oidal iule, as a strai t:ibwward calculation
shows following the saute arguments of the p::evious section. No[ tim.t the expression
(111.2.21) applies in this case, given (111.1.2). We conclude that c Froposed EDMC.-
1 scheme inherits the same relative equilibhiE of the continuum A1 s!i. As shown ii
Proposition 111.2.1, the corresponding group rxiotions are given by ie Caylcy transform
(111.2.37) approximating the exponential map I I 1). 11]
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IV.1. Introduction

Typical problems in continuum and structural elastodynamics are characterized by a

strong numerical stiffness, which motivates the use of implicit integrators for their temporal
discretization. Many such time-stepping algorithms can be found in the literature; we refer

to HUGHES [1987], among others, for a comprehensive account of many classical works in

the linear range up to the mid 1980's. When developing these temporal schemes, the
need of numerical dissipation in the high-frequency range, even though the underlying
physical system may show full energy conservation, was soon realized if one is to arrive
to robust implicit integrators. This feature is motivated, on one hand, by the need to
eliminate the large modeling error accumulated in this range of frequencies, namely, the
error introduced by spatial discretization of the infinite dimensional systems of interest.
This situation has a direct relation to the need to handle the aforementioned high numerical
stiffness. This stiffness refers to the wide spread of the characteristic frequencies of the
linear system, leading to a highly oscillatory response due to the poor approximation of the
high-frequency range. The numerical instabilities associated with the existence of a double
unit root at infinite frequency in the amplification matrices of common conserving, mid-
point type temporal approximations, can be quoted also as one of the driving motivations
in this area. In this way, the formulation of second-order schemes that exhibit these
stability and dissipativity properties was an area of intensive research in the 1960's to the
late 1970's. Time-stepping algorithms like the 9-Wilson method of WILSON [1968] or
the HHT a-method of HILBER et al [1977] have become standard in everyday practice.
More recent proposals include the works of HUGHES & HULBERT [1988] and CHUNG &
HULBERT [1993], among others. We also note that this situation applies to general stiff
problems, not necessarily elastodynamics; we refer to HAIRER & WANNER [1991] for a
general account. In the general of Runge-Kutta methods, we can quote the related notion
of "stiffly accurate" m-lhods of PROTHERO &, ROBINSON [1974].

Despite the large amount of literature in the linear range, the development of similar
schemes for the nonlinear finite deformation range is relatively recent. The need for ad-
ditional developments along these lines is motivated by the fact that the aforementioned
schemes, standard for applications involving linear elastodynamics, do lose their conserva-
tion/dissipation properties when applied to the nonlinear range, as illustrated in ARMERO

& PETOCZ [1996], KUHL & CRISFIELD [1997] and ARMERO & ROMERO [1999] among
others. The presence of numerical instabilities in nonlinear problems when employing
schemes that are unconditionally stable in the linear range, including the aforementioned
linearly dissipative schemes, has motivated the search for improved algorithms. Motivated
by these remarks, the formulation of energy-momentum conserving schemes for nonlinear
problems in continuum and structural elastodynamics has received a significant amount of
attention recently. Representative references are SIMO & TARNOW [1992], CRISFIELD &
SHI [1994] and GONZALEZ & SIMO [1995], among others. The proposed schemes consist
basically of the mid-point rule algorithm, with a modified stress formula to assure energy
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conservation.

After these early experiences with energy conserving algorithms, the need of a con-
trolled numerical dissipation in the high-frequency range to gain the robustness needed
to solve the stiff problems of interest, as indicated above for the linear range, was also
realized. Along these lines, we presented in ARMERO & PETOCZ [1996] some initial ideas
on how to extend conserving schemes to incorporate energy dissipation in the context of
dynamic contact problems. The proper modification of the stress formula (contact forces
in contact problems) does lead to the incorporation of this numerical energy dissipation.
This and other approaches have been investigated further in KUHL & CRISFIELD [1997],
CRISFIELD et al [1997] and KUHL & RAMM [1996,99] for nonlinear elastodynamics.

In ARMERO & ROMERO [1999], which we refer simply as Part I of this work hereafter,
we have explored further the development of dissipative schemes in nonlinear dynamics. We
formulated in this work a new time-stepping algorithm that is shown rigorously to exhibit
unconditional energy dissipation while preserving the conservation laws of the linear and
angular momentum in the mechanical problems of interest, the so-called energy-dissipative,
momentum-conserving scheme (EDMC-1). Furthermore, it was shown in detail that the
new algorithm does also preserve the relative equilibria of the underlying mechanical sys-
tem, along the lines of the analysis presented in GONZALEZ & SIMO [1996] for the model
problem of a nonlinear spring/mass system. More specifically, it was shown in Part I of
this work that the newly proposed EDMC-1 dissipative scheme no only preserves these
relative equilibria, characterized in the elastic systems under investigation by rigid mo-
tions superposed to a fixed deformation, but also lead to the introduction of the numerical
dissipation in the high frequency range of the internal modes of the motion, with the so-
lution tending asymptotically to the exact relative equilibria. This result was shown for
two model problems (a simple nonlinear spring/mass system and a simplified model of
thin beams), as well as for the general proble.m of nonlinear elastodynamics. In addition, a
complete analysis was presented of the Newmark method (NEWMARK [1959]) and the HHT
a-method (HILBER et al [1977]), as representative examples of the aforementioned linearly
dissipative schemes, showing that these schemes not only lose their dissipative character,
leading eventually to numerical instabilities, but also to the complete elimination of these
relative equilibria of the system. The failure to preserve the conservation of angular mo-
mentum was shown to be the main drawback of these standard methods, in this respect.
As a consequence, for the simple problem of a point mass rotating around a fixed point
through a nonlinear elastic spring, the computed solution with these standard schemes
either exploded for large time steps, or tended asymptotically to the static solution.

Despite the good stability and dissipation/conservation properties of the EDMC-1,
this scheme is only first-order accurate in time. We present in this paper the formulation
of a new time-stepping algorithm for nonlinear elastodynamics that exhibits the desired
second-order accuracy in time while showing the same dissipation/conservation properties.
The analysis of the energy evolution in the discrete dynamics defined by the numerical
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scheme identifies clearly the structure of the algorithmic approximation so an unconditional
non-negative numerical dissipation appears. Remarkably then, the new scheme is based
on the same structure as the EDMC-1 scheme, but with a more involved definition of the
dissipation functions. For this reason, we simply refer to this new second-order scheme as
the EDMC-2 scheme (energy-dissipative, momentum-conserving second-order scheme).

The development of high order dissipative schemes exhibiting numerical dissipation
in the high-frequency range has been considered by several authors recently. For exam-
ple, the formulation of such schemes for a model of elastic beams has been presented in-
BAUCHAU et al [1995], BAUCHAU & THERON [1996] and BOTAsSO & BORRI [1998] and,
more recently, in BAUCHAU & Joo [1999] for the continuum system of nonlinear elasto-
dynamics. However, these schemes do not show any control over the introduced numerical
dissipation, in the form of an algorithmic parameter. In fact, these formulations are based
on existing fixed multi-stage formulas, some of them arising from the application of the
so-called discontinuous Galerkin in time (see e.g. JOHNSON et al [1984] and HUGHES &
HULBERT [1988] for some of the original references), thus leading to a considerable added
computational cost due to the doubling (extra displacement and velocity fields) for each
additional stage considered in the numerical scheme. In some Cases, the decay properties of
the physical energy only applies to quadratic elastic potentials, especially if a second-order
scheme is desired. In other cases, like in BAUCHAU & Joo [1999], no attention is given to
the preservation of the conservation law of angular momentum which, as noted above, is a
crucial property of the numerical scheme to capture fundamental qualitative properties of
the underlying phase dynamics, even if numerical dissipation is introduced in the system.

In contrast, the EDMC schemes proposed in this work do show the numerical dissi-
pation, as well as momenta conservation, with these properties holding independently of
the elastic potential as well as the time step. In both the first and second order schemes
an algorithmic parameter is introduced to control the numerical dissipation, recovering
as a particular case a fully energy-conserving algorithm, if deshied. Special care has been
taken in the development of the second-order EDMC-2 presented in this work for nonlinear
elastodynamics to avoid the cost associated to extra stages. Furthermore, the numerical
dissipation is shown to be in the high-frequency range (an intrinsically linear concept) by
deriving similar algorithms for linear elastodynamics following the same arguments, but
without the constraint given by the conservation of the angular momentum (an intrinsically
nonlinear concept).

In this context, before considering the problem of nonlinear elastodynamics in the sec-
ond part of this paper, we consider first the development of time-stepping algorithms for
linear elastodynamics that exhibit rigorously a decay of the physical energy of the system.
We note that usually it is not the physical energy that decays along the solutions computed
with classical dissipative schemes, but only a numerical norm of the discrete solution. Even
though this is enough for the scheme to show numerical stability in the linear range, the
dissipation of the actual energy of the physical system allows the extension of the linear
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scheme to the general nonlinear range, as the results in this work illustrate. In this way,

we present first two new families of time-stepping algorithms for linear elastodynamics

that show energy dissipation in the high-frequency range. We call the new schemes the
energy-dissipative ED-1 and ED-2, for the first and second-order methods, respectively. A

complete spectral analysis of these methods characterize their stability, dissipation and ac-

curacy properties. In particular, the ED-2 scheme is shown to be L-stable (see e.g. HAMER

& WANNER [1991]), being formulated as a two-stage algorithm to maintain the linearity
of the final formulas. Nonetheless, the freedom gained when extending the scheme to tOe

nonlinear range (to the EDMC-2 scheme) allows to formulate the scheme with dissipatirn
functions defined locally, without the need of introducing additional nodal values of the

displacements and velocities in a time step for a typical finite element solution of the prob-
lem of nonlinear elastodynamics. Furthermore, this extension is done in such a way that
the conservation laws of linear and angular momenta, as well as the associated relative
equilibria, are fully preserved. Still, the developments in the linear range dictate the form
of the dissipative function in the nonlinear range so the desired numerical dissipation in
the high-frequency range and the second order accuracy are attained.

An outline of the rest of the paper is as follows. Section IV.2 considers the problem
of linear elastodynamics. After developing the new ED-1 and ED-2 schemes in Section
IV.2.1.1 and IV.2.1.2, respectively, we present the spectral analysis of these methods in
Section IV.2.2. The extension of these ideas to the nonlinear range is undertaken in
Section IV.3, leading to the new EDMC-2 scheme, including rigorous proofs of the dis-
sipation/conservation properties of the final time-stepping algorithm. The numerical im-

plementation of the EDMC-2 scheme is described in detail in Appendix IV.2. Section
IV.4 includes several representative numerical simulations to evaluate the accuracy and

dissipation/conservation properties of this scheme. Finally, some concluding remarks are
drawn in Section IV.5.

IV.2. The System of Linear Elastodynamics

We consider in this section the case of linear elastodynamics defined by the system of
equations

d= } (IV.2. 1)

MO = -Kd + fext(t),

for unknown functions in time d, v : [0, T] --+ R•lo , corresponding typically to a set of

ndof (nodal) displacements and velocities, respectively, with T denoting the time interval
of interest. The symbol (.) denotes the time derivative of the corresponding variable.
We have made use in (IV.2.1) of the classical notation of M E IRnd•f•xndof for the mass

matrix, K E ]Rldof °×dof for the stiffness matrix, and f,,t(t) E IRndof for a general set of
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external forces. The classical properties of positive definiteness for the mass matrix M and

positive semi-definiteness for the stiffness matrix K are assumed in this section, implying

the relations

a.Ma>O and a. Ka > 0 Va e Rndof, a0O, (IV.2.2)

where • denotes the standard Euclidean inner product in Rdof (i.e. a b = ajbi summation

implied among the ndof components ai and bi of a and b, respectively). The first-order

system of ordinary differential equations (IV.2.1) is accompanied with initial conditions

d(0) = do and v(O) = Vo, (IV.2.3)

for given initial values do, and V,, of the displacements and velocities, respectively.

The system of equations (IV.2.1) defines a linear Hamiltonian system. In this context,
a standard calculation shows that

HI = f�. V, (IV.2.4)

for the Hamiltonian function (the total energy)

H(d,p(v)) := -v.Mv + ld.Kd ,(V.2.5)2 ± 2

kinetic energy K potential energy V

with the (linear) momenta p(v) := Mv (so the kinetic energy reads K p. M-1 p/2) to
follow the classical notation in the field. For the force-free case fezt = 0, we recover the
classical conservation of energy relation

H(d, p(v)) = constant, (IV.2.6)

in time.

We are interested in time-stepping algorithms approximating the unknown functions

d(t) and v(t) solutions of (IV.2.1) through the sequence d4 - d(tn) and vn, - v(t,)
(n = 0, 1, 2,...) for a partition [0, T] = Un[t., tn+ ] of the time interval of interest and for
given initial conditions d, = do and vo = Vo after (IV.2.3). More specifically, it is the goal

of this section to identify time-stepping algorithms that for a typical time step [tn, tn+1]
(with At = t,+1 - t,, not necessarily constant in n) show the stability estimate

H,+1 - Hn, = -2D < 0 (IV.2.7)
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for the homogeneous problem fext = 0 and unconditionally in At, with D > 0 defining the

numerical dissipation. Here, H,, := H(d, p(vn)) for the the Hamiltonian H(.) in (IV.2.5)

of the continuum problem. We note that the estimate (IV.2.7) is not a necessary condition

for the numerical stability of a linear system like (IV.2.1). The so-called energy method

allows the identification of a general norm of the discrete solution satisfying a decaying

estimate like (IV.2.7), and not necessarily the physical (semi-)norm defined by the actual

Hamiltonian; see e.g. HUGHES [1987], Chapter 9, for complete details. In fact, standard

unconditionally stable time-stepping algorithms exhibiting a high-frequency dissipation,
as it is the interest in this work (namely, the dissipative Newmark and the HHT schemes
referred to in Section IV.1) do not satisfy the estimate (IV.2.7). Instead an algorithmic

norm (involving also contributions of the discrete acceleration approximating b) is shown

to be decaying. In general, one can prove that for a spectrally stable scheme (that is,
possessing a spectral radius less than one, as defined in Section IV.2.2 below) one can
always construct, under some minor technical conditions, a numerical norm that decays
in time; see HUGHES [1987], page 564. However, and as illustrated with the numerical
examples presented in Part I of this work, these stability estimates in the linear problem

do not extend to the nonlinear problem. The estimate (IV.2.7), on the other hand, leads
to a natural extension in the context of nonlinear dynamics as shown in the developments

presented in this paper.

IV.2.1. Some one-step dissipative schemes

With the stability estimate (IV.2.7) in mind, we consider the general one-step method

-- g.cons + gdiss ,At (Iv.2.8)
M Vn+1 - Vn - - n + hiss) + !-

A~t

for an approximation fext of the external force vector (e.g. feXt =fezt(tn+1/2)). Here we
have introduced conserving and dissipative approximations of the right-hand-side terms of

the original equations (IV.2.1), in the sense that the following equalities hold

fc~n - ( - dn) = V+1- Vn,

9con * M (vn+l - vn) = Kn+1 - } (IV.2.9)

and
fdi,, (dn+l - dn) =DV," S(IV.2.10)

9dis • M (vn±i - Vn) = DK J

as their counterparts in (IV.2.1). The notation Vn := V(d,) and Kn := K(v,,) for the

exact potential V(.) and kinetic K(.) energies defined in (IV.2.5) has been used in (IV.2.9).
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The motivation behind the additive decomposition considered in equation (IV.2.8) in con-
serving and dissipative parts is clear: to follow the energy contribution of the different
approximations introduced in the discrete equations by the numerical scheme in a typical
time step.

To this purpose, we multiply equation (IV.2.8)1 by M(vn+l - va), equation (IV.2.8) 2
by - (dn+1 - d,) and add the resulting expressions, to obtain

(K.± + lv.±i) + V) = K±DV, (V. 2.11)

identifying the numerical dissipation E) in (IV.2.7) with V = DV + DK in this case. We
emphasize again the need of a non-negative dissipation D > 0 for numerical stability, not
necessarily each of its components 2 9 K and Dv. Similarly, we reiterate our interest that the
final numerical dissipation V is controllable and in the high-frequency range, as motivated
in the introduction presented in Section IV.1.

In this linear setting, linear conservative terms are easily obtained through the second-
order mid-point approximations

_ !K (d,+, + dn) =: Kdn±1 /2 , and _ = (v+l ± vn)
fcn-•KKnl/9 cons -- n~ + •n :V+/

(IV.2.12)
The estimates (IV.2.9) can be easily verified. Therefore, the discrete system (IV.2.8) defines
in this case a consistent approximation of (IV.2.1) if

fdiss - O(Atp) and gdiss - O(Atp) for p Ž 1, (IV.2.13)

where we have used the standard notation of O(-) for the "big-oh" (that is, lim O(xP)/x(P-1)
-+ 0 as x -+ 0). Since in the resulting consistent approximations the differences

d+l -dn - M(At) and vn+1 - vn - O(At), (IV.2.14)

we conclude from (IV.2.10) that (IV.2.13) implies that DV,DK - O(AtP+'). The final
numerical scheme will exhibit an order of accuracy of at least min{2,p}, that is, first or
second order methods. We consider in the next two sections these two cases separately.

Remark IV.2.1 We have considered, for simplicity in the exposition, the Hamiltonian
case given by the system of equations (IV.2.1). The consideration of linear damping in
(IV.2.1) 2 , that is,

Mib = -Cv - Kd + fext, (IV.2.15)
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for a positive semi-definite damping matrix C can be easily incorporated in the develop-

ments of this section. In particular, the general approximation of the damping term

Cv -+ C(d,+l - d,)/At , (IV.2.16)

leads to a dissipative approximation, with the added physical dissipation Vc = (d,,+, -

dn) C(dn+l - d•)/At > 0 to the numerical dissipation D in (IV.2.11). We note, however,

that the consideration of an artificial damping C alone, not necess-r=ily modeling a physical

damping, does not lead to the introduction of dissipation in the bigh-frequency range (see

e.g. HUGHES [1983], page 97). 13

IV.2.1.1. First-order dissipative schemes (ED-1)

Given the definiteness properties (IV.2.2) of the mass and stiffness matrices, the sim-

plest choice of dissipative terms fdis and gdiss satisfying the dissipation estimate (IV.2.7)

is given by

fdiss=x, gK(d.+l-dn) , and gdiss= X (V+,+- . (IV.2.17)

in terms of two numerical parameters X1 and X2, With these definitions, the relations

(IV.2.8) lead to the quadratic dissipation functions

x 1 ½ (dn+l - d.) K (dn+l - d.) > 0,'ZV=X (IV.2.18)

DK = X2 I (v+l - v.) M (v.+l - vn) Ž> 0 ,

for X1, X2 -> 0 by (IV.2.2). Given (IV.2.14), we conclude that the choices determined by the

relations (IV.2.17) define a first-order scheme (note that Dv, DK -( (9(At2 )). The resulting

scheme is denoted ED-1 (energy dissipative, first order), and recduces to the scheme referred

to as 0-method in WOOD [1990] for the particular case given by X, = X,

IV.2.1.2. Second-order dissipative schemes (ED-2)

We observe that the limited first-order character of the approximations (IV.2.17) arises

from the first-order differences (IV.2.14). Therefore, to arrive to second-order dissipative

linear schemes, we consider the alternative expressions for the dissipative terms

hiss =• ,= (n - Vn) , and 9dis ( (IV.2.19)

for intermediate stage values dj and 5,,. We are interested in these intermediate values

defining a second-order approximation of the corresponding values at t,, that is,

d, - dd '- O(At 2 ) and i3n - v, _ O(At 2 ) , (IV.2.20)
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SO fdiss and 9diss are second-order O(At 2) in At. This order can be achieved with the
relations

dn = d, + At a (i5--v+), (IV.2.21)

Mvn = Mvn- At a K(dn - d+) [+At et],i

for an algorithmic parameter a. The term [+At fext] in (IV.2.21) 2 has been added to
recover some existing methods as particular cases. For the methods proposed in this
paper, we simply take fiet - 0. We note that the second-order relations (IV.2.20) are
automatically satisfied for the definitions (IV.2.21), even for fezt = 0. More generally, we
would need iaxt '- O(At).

The particular cross definitions (IV.2.21) for the intermediate values in and iin have
been introduced to arrive at dissipative approximations for any value of the parameter a.
Indeed, combining equations (IV.2.19) and (IV.2.21), the numerical dissipation D is given
by (IV.2.10) for a = 0 as

D DK + DV = 9gdiss - M (vn+l - v) + fdiss * (dn+l - d4)

On - vn) M(Vn+ l - vn) + ½ (in - d4) K(dn+l - d,)

- (n - v) M(- V) + - (4 - 4dn).g K(d dn)

+yn ( V,, _ - M(vO + -V ,n) + 1 i , - -~. ,

_ (_ 5 - V1) - v~) + d (+ 1 4) "(dn - d4)

Ata ) M(-d)'M(d) Ata

-(On - vn)"- M('n - vn) +1(idn )" gd- d,) > K) 0, (IV.2.22)

given the assumed positive definiteness properties (IV.2.2). For the case a = 0, the estimate
(IV.2.22) still holds since in this case we have from (IV.2.21) 4n = d4 and On = vn, so

fdiss = 0, 9diss = 0, and D = Dv = DK = 0, recovering the conserving scheme. For future
reference, we introduce the expressions

DV = .1(, -4'n) -K(dn~ -4 d )2 (IV.-.2
DK = 2 (V•n+l - Vn)" M (v+l - Vn)23

We observe that, in contrast with the first-order methods introduced in Section IV.2.1.1, it
is the total dissipation D of the second-order schemes (IV.2.19) (and not necessarily each

component Dv and E)K in (IV.2.23)) that is non-negative, as needed. The cross definitions
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(IV.2.21) of dj and i5, allow the cancellation of terms in the proof of the estimate (IV.2.22)

resulting in the dissipative character of the final scheme.

We can recognize several existing algorithms as particular cases of the time-stepping

algorithms given by (IV.2.19) and (IV.2.21). Namely, we have:

i. a = 0 leads to the trapezoidal rule (with fit = 0), the conserving formula (IV.2.12).

ii. a = 1/6 leads to (linear in time) discontinuous Galerkin for

fext = _- j fezt(t) dt (IV.2.24)

in the original discrete approximation (IV.2.8), and

feXt tn+1/22t fxt(t)d (IV.2.25)

in (IV.2.21). These very particular choices lead to a third-order scheme; see JOHNSON

et al [1984].

iii. a = 1/2 leads to the Lobatto IIC Runge-Kutta method for

fezt = (fet(t,) + fext(tn+1)) , (IV.2.26)

in the original discrete approximation (IV.2.8), and

feaXt = (fet (t.) - fet (tn+l)) (IV.2.27)

in (IV.2.21).

Hence, the new methods (IV.2.19)-(jV.2.21) can be seen to be extensions of the particular

cases indicated above, with the algorithmic parameter a controlling the introduced nu-

merical dissipation. The dissipative estimate (IV.2.22) shows the unconditional stability

of all the resulting schemes, that is, for any a. The spectral analysis presented in the

following section shows that numerical energy dissipation in the high-frequency range is

accomplished for a > 0.

Remarks IV.2.2.

1. We note the 'computational expense added by the introduction of the intermediate

stage (IV.2.21), leading to an algebraic system of equations in 4 • dof unknowns

(d.+i, vn+ 1 , dn and 0,), typical of multi-stage implementations. The cross character
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of the relations (IV.2.21) leads to a fully coupled system of equations in this 4 • ndof

unknowns, and its solution does not reduce to the simple evaluation of two dynamic

stages. For this reason, the use of the proposed numerical schemes in the linear setting

considered in this section may appear rather limited in front of existing single stage

formulas. However, and as shown in Section IV.3, the algorithms described in this

section provide the basis for the formulation of dissipative time-stepping algorithms in

the fully nonlinear range. The developments and analyses presented in this section will

become crucial iii this endeavor, since they will permit to identify the form of similar

conserving and dissipative terms in the nonlinear range. In addition, the generality

added by the consideration of nonlinear formulae allows to these costly multi-stage

implementations and preserve other fundamental properties of the nonlinear dynamics.

2. We observe that the use of other mass and stiffness matrices in equations (IV.2.19)

and (IV.2.21) 2 , say kl and k, would have led to the same energy decay estimate

(IV.2.22), as long as these matrices satisfy the conditions (IV.2.2). This observation

also applies to the relations (IV.2.17) and (IV.2.18) for the ED-1 scheme. This arbi-

trariness corresponds, in essence, to a scaling of the algorithmic parameters, a or X,

and X, respectively. El

IV.2.2. Spectral analysis

The complete characterization of the stability and accuracy properties of time-stepping

algorithms in the linear range can be obtained through a spectral analysis of the discrete

equations. In particular, and following standard arguments (see e.g. HUGHES [1987],

Chapter 9, for complete details), we consider the homogeneous system of equations

d v , 2 W 2 d = 0 , (IV .2.28 )

v= -w 2 d,J

corresponding to a free one-degree of freedom linear oscillator of natural frequency w. The

system of equations (IV.2.28) can be understood as governing one of the modal equations of

the multi-dimensional system (IV.2.1), for the corresponding frequency w of the response.

Indeed, and as a classical argument shows, if we denote by vi and wi the eigenvectors and

eigenvalues of the generalized eigenproblem

Kvi = w? Mv 1 , for i = 1, ndof, (IV.2.29)

(no sum in i implied), the contraction of the equations (IV.2.1) with each eigenvector vi

leads to the scalar equations (IV.2.28) for each modal component di := vi-d and vi := vi- v

(sub-indices i having been omitted in (IV.2.28)).
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Following the same modal projection argument, the general class of linear time-

stepping algorithms (IV.2.8), with (IV.2.17) or (IV.2.19), leads to the same discrete rela-

tions when applied directly to the scalar system (IV.2.28). For a typical time increment

[t,, t,,+,] (with At = t,+1 - t,,), the resulting equations can be written as

j V 1 1 A(2)j ý d (IV.2.30)

for the algorithmic amplification matrix A(D) E jR2×2, function of the (non-dimensional)

sampling frequency S2 := w At E [0, oo).

The interest is focused on the properties of the eigenvalues 7i E C (i = 1, 2) of the

amplification matrix A(P), with the spectral radius p(Q) for the frequency Q defined as

p(Q) := max [yi(f2)J with poo := lim p([Q). (IV.2.31)
i=1,2 S2-*oo

The spectral stability of the numerical scheme is then defined by p([Q) < 1, with linearly

independent eigenvectors for repeated eigenvalues -yi (otherwise, p(Q2 ) < 1 strictly if the

eigenvectors of repeated eigenvalues are linearly dependent). In particular, the numerical

dissipation in the high-frequency range is reflected by the property p", < 1, strictly. A

complete characterization of the spectral properties of the numerical scheme is obtained

by considering the standard spectral error measures: the relative frequency error

Se d S? Y where Od = JIm(lnyi)I,

(note that yl and _Y2 are real or complex conjugate, so Im(-y1)l = I~m(y 2)1), and the

algorithmic damping ratio

6d= min _i where d A---Re (lnyi) for i= 1,2. (IV.2.32)•d:i=1,2mnd whrQd = fd

We refer again to HUGHES [1987], Chapter 9, for complete details on these classical con-

cepts.

i. First-order ED-1 schemes. The amplification matrix (IV.2.30) for the ED-1 scheme

(IV.2.17) is given by

EDA() 022+1 1_--2 '3( 1 =--2 2 1 2 .33
(lV.2.33)
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Spectral Radius
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FIGURE IV.2.1 Spectral analysis, ED-i schemes. Distribution of the
spectral radius p(Q2) in terms of the sampling frequency 02 = wAt of
a linear oscillator for different numerical parameters X1 and X2 . Note
that p., = maxi=1, 2 (0l - Xil/ + Xi).

where

2+ (1 + , 12and A 1 := 1 + S22 3+ , (IV.2.34)52+ :---½1 R1 2 •:--½1 -X2,) 1

in terms of the algorithmic parameters X1 and X2 . The eigerv alues of the amplification
matrix (IV.2.33) are given in closed-form by

ED1.,2 - - 1 Q.IQ ( ) 2 .0'ý+3 ')±f (IV.2.35)

Some analysis shows that p(S?) < 1 for X1 , X2 > 0, and leads to the closed-form expression

ED1 m {aI1 -XI 11 -X21} (IV.2.36)Poo ma I+Xj I l +X 2

for the spectral radius at infinity. We observe that p, < 1 if X, > 0 and X2 > 0, thus
requiring the presence of dissipative terms in both equations (IV.2.8) for this class of
first-order schemes to exhibit high-frequency numeiical dissipation. Hence, we conclude
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that the schemes proposed in CRISFIELD et al [1997] and KUHL & CRISFIELD [1997],
extending similar schemes presented in ARMERO & PETOCZ [1996] for contact problems
and involving only displacement based dissipative terms (i.e., X2 = 0), do not lead to the
desired dissipation in the high-frequency range.

The expression (IV.2.35) shows that a bifurcation from two complex conjugate to two
real eigenvalues occurs for the sample frequency

;--bif = - (IV.2.37)

at which a repeated real eigenvalue exists. The closed-form expression (IV.2.35) reveals
that in this case p(P2bjf) < 1, strictly. We also observe that Qbif = oo if and only if

X1= X2. This bifurcation can be seen in Figure IV.2.1 to reduce the spectral radius at •2bif
whenever X1 =A X, From these considerations (or directly from the expression (IV.2.36)
of the spectral radius at infinity), we conclude the optimality of the choice X, = X2.

Figure IV.2.2 depicts the distribution of the algorithmic damping ratio Wd(O 2 ), relative
frequency error eS2(2) and spectral radius p(Q) for this case. The three-dimensional plots
in the left column show these values versus the sampling frequency 0 and the algorithmic
parameter X, = X2. The 2-D plots in the right column correspond to sections of these
3D plots for a different fixed algorithmic parameter. The absence of numerical dissipation
(reflected by the values 6d(O) = 0 or p(f2) =_ 1) in the conservative case X, = X2 = 0
is apparent, with increasing values of this numerical dissipation for increasing values of
the algorithmic parameter X, = X2. The relative frequency error es- is observed to be
non-positive, thus concluding that the computed frequencies f 2d are smaller than the exact
frequency Q for this scheme. Alternatively, we may say that the computed periods (Td :=
At 27r/f2d) are always elongated when compared with the exact periods (T := At 27r/0).

A calculation based on (IV.2.35) results in the asymptotic values

O)= -X2 + O(S22) (IV.2.38)
2

ef2(Q2) =-1 X2 + ) 2+0(S23), (IV.2.39)

as S2 --+ 0, and where the optimal case X, = X2 = X has been assumed. The first-order
accuracy of the method (unless X = 0, that is, the conservative case) is a consequence
of the first-order nature of the algorithmic damping ratio Wd(O) in (IV.2.38). Note that
the dissipation function 9 := DV + 29K in (IV.2.18) is of second order in At, but the
final scheme is first-order only, as discussed during the design of the algorithm in Section
IV.2.1.1. This first-order accuracy of the scheme is reflected in Figure IV.2.2 by the non-
zero slope at 2 = 0 of the distribution of the algorithmic damping ratio Wd( 2 ) for a fixed
algorithmic parameter X, = X21 in accordance with (IV.2.38).
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FIGURE IV.2.3 Spectral analysis, ED-2 schemes. Distribution of
the algorithmic damping ratio W37£), relative frequency error ed(s?)
and spectral radius p(£2) in terms of the sampling frequency S? = wAt
of a linear oscillator and the numerical parameter a. Note that p"O = 0
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ii. Second-order ED-2 schemes. The amplification matrix (IV.2.30) for the ED-2
scheme (IV.2.19) is given by

ED 2A(/2) - (A1 - A 2 A31A4 )-' (1- A2A-1) , (IV.2.40)

where 1 11 -a] ,0 o]
A 1 =[ • P A2 =[2 A3 2a-A- s2 ' -2 0 S? / 2 , -1 24 0

(IV.2.41)

in terms of the algorithmic parameter a. After a long but straightforward calculation, the
eigenvalues of the amplification matrix (IV.2.41) are given in closed-form as

1 r29 a 22 + C2 S?2 ± i 2 + 2
4 2a +4i/ 1-a-?-+a2 12ED2'h, 2 = 2  1 , (IV.2.42)

7, +S 22 -a2 22 +a2 fl4

where i = V/T-i. The spectral radius is then given by the closed-form expression (for a > 0)

ED2 p( maxly(72)I = 1- a 2 Q4 (IV.2.43)
i,2 1 + - 2-- - C+ + + Q4

which reduces to p(Q?) - 1 for the conservative case a = 0 (no dissipation in this case for
any sampling frequency S2) and for a < 0.

From (IV.2.42) and (IV.2.43), we c•,. also observe the limit

lim ED
2 71,2 = 0 SO ED2pM=o 0 (IV.2.44)

2--oo I

for a > 0, thus showing a full numerical dissipation in the infinite frequency. The ED-2
schemes are then L-stable for a > 0 (see e.g. HAIRER & WANNER [1991]). We note that,
even though a control over the spectral radius at infinity p, may certainly be a desired
feature (for example, for the calibration of the algorithmic parameter a), the infinite sam-
pling frequency may be considered as "far away as needed" in many practical applications.
With this we mean that we still have full control over the range of finite frequencies for a
particular problem and its discretization (in the sense that the desired amount of damp-
ing can be introduced through the variation of the algorithmic parameter a), while still
exhibiting energy dissipation in the infinite (say larger or unresolved) frequencies. The
calibration in this case can be accomplished through the value of the spectral radius at a
given sampling frequency, say ED

2p(7r) in (IV.2.43).
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The spectral response for small sampling frequencies S2 is characterized by the asymp-

totic limits

ýd(Q2) = a + Q(Q 4 ), (IV.2.45)
2

eQ(S?)=- (a-1) 2 + 0(023), (IV.2.46)

as £2 -+ 0, after some algebraic manipulations involving (IV.2.42). The third-order ac-

curacy of the combination a = 1/6 becomes apparent from these two last expressions.

This property, however, does not extend to the extensions to nonlinear elastodynamics
presented in the next section. Furthermore, we observe that the numerical dissipation
introduced in the system, measured in terms of the damping ratio ýd is of the order 023 for
small values of £2 (note that the dissipation function 29 in (IV.2.22) is of order At 3 ).

Figure IV.2.3 depicts the results of this spectral analysis of the ED-2 scheme. As in
Figure IV.2.2 for the ED-1 scheme, the distributions of the damping ratio ýd(Q2), relative
frequency error es?(£2) and spectral radius p(Q2) are shown continuously in the algorithmic
parameter a (the 3D plots in the left column) and for fixed values of a (the 2D plots
in the right column, sections of the previous 3D plots for fixed a). As expected and
shown above, we observe the absence of numerical dissipation (ýd(S2) -= 0 or, equivalently,
p(Q2) = 1) for the conservative case a = 0. Increasing the algorithmic parameter a
increases the numerical dissipation, characterized by increasing values of 6d(£) for a given
sampling sampling frequency £2. Similarly, we observe that for large sampling frequencies
the relative frequency error is negative (es _< 0), indicating that the computed frequencies
are diminished compared with the exact value £2 for this range of frequencies (i.e., the
computed periods are elongated, as defined above). For small frequencies £2, the relative
frequency error is positive for large values of the algorithmic paxameter a. The second-
order accuracy of the method for any value of a (third-order for a = 1/6) is also apparent
by the zero slope of the curves in the right column, reflecting the limit values obtained
analytically in (IV.2.45) and (IV.2.46) for small £2.

IV.3. Extensions to Nonlinear Elastodynamics

We address in this section the extension of the developments presented in the previous
section to the general system of nonlinear finite elastodynamics. The challenges in this
task can be stated as:

i. To maintain the energy dissipative character of the schemes for any elastic poten-

tial, including the control on the numerical dissipation (through the appropriate
algorithmic parameters) and their second-order accuracy in time.
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ii. To preserve exactly the conservation laws of the momentum maps and corre-
sponding relative equilibria of the underlying continuum system, thus preserving
fundamental qualitative features of the phase dynamics.

iii. To avoid costly multi-stage implementations, as indicated above.

The time-stepping algorithms developed in the previous section where focused in the con-
struction of linear schemes given the linearity of the underlying problem, resulting in the
two-stage formulae of the second-order ED-2 scheme. Therefore, a direct application of the
previous algorithms to the nonlinear problem does not address the three aforementioned
challenges, including especially the conservation of angular momentum. Nevertheless, we
show in this section that these objectives can be accomplished following similar arguments
in the construction of the numerical schemes. In this way, after defining briefly the problem
under consideration in Section IV.3.1, we formulate in Section IV.3.2 a new second-order
energy-dissipative/momentum-conserving time-stepping algorithm for nonlinear elastody-
namics.

IV.3.1. Problem definition

We are interested in the integration in time of the deformation W : B x [0, T] --+ R'dim

and material velocity v : B x [0, T] -+ Rn'dim (ndim = 1, 2 or 3) of a solid B C Jndirn with
material particles denoted by X E B and a time interval [0, T]. The weak form of the
governing equations (balance of linear momentum) reads

jpoi,.3'pdB+j S:FTGrad(Jco) dB=jpoB.6odB+ fo J. d }
(JY.3.1)

for all admissible variations JW satisfying homogeneous essential boundary conditiohll 6W =
0 on OaB (the part of the boundary with imposed deformations), as usual. We have
denoted in (IV.3.1) the reference density of the solid by po > 0, the deformation gradient
by F := GradW (with material gradient Grad[-]), the second Piola-Kirchhoff stress tensor
by S, the external body force B, and imposed tractions T on OTB has been employed in
(IV.3.1). The hyperelastic relation

ow (v32
S = 2 9 (IV.3.2)ac,

in terms of a general stored energy function W = 13J(C), with C := FTF (by frame
indifference).

As described in Part I of this work, the system of equations (IV.3.1) defines an infinite
dimensional Hamiltonian system, exhibiting the following conservation laws:
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i. Conservation of energy. For the Neumann problem with no applied forces (i.e., B =

T 0 and 0,B = 0), the total energy is conserved, that is,

Hg(, p (v))= I p, IJvI1 2 d13+ W(C(cp)) dB3= constant, (IV.3.3)

for the Hamiltonian H(.) in terms of the linear momentum density p:= pov.

ii. Conservation of linear momentum. The invariance of the Hamiltonian (IV.3.3) under

rigid translations leads to the conservation law

i := j po, v dB = constant, (IV.3.4)

when the boundary conditions and loading exhibit this invariance (e.g., B = T = 0

and , 1B = 0).

iii. Conservation of angular momentum. The invariance of the Hamiltonian (IV.3.3) under

rigid rotations leads to the conservation law

J := 3 pxv dB = constant, (IV.3.5)

when the boundary conditions and loading share this invariance (e.g., B = T - 0 and

O9B = 0). In (IV.3.5) we have made use of the cross product x of two vectors in 1R3,

or its corresponding embedding in lower dimensions.

As considered in detail in Part I, these symmetries lead also to the existence of relative

equilibria (see e.g. MARSDEN [1992]), that is, solutions of the general systems of equations

(IV.3.1) consisting of a rigid-body motion (rigid rotation and translation) superposed to

a fixed equilibrium deformation. We refer to Part I of this work and references therein for

details.

We consider a general isoparametric finite element approximation of the continuum

equations (IV.3.1) through the interpolations

nnode nnode

cp X + E NA(X) dA(t) and v = NA(X) vA(t) (IV.3.6)
A=1 A=1

in terms of the shape function NA(.) for nnode nodes, nodal displacements d = dlT d2T ...

e ]Rdf, and nodal velocities v v V ... I E Rndof. Standard procedures lead to

the nonlinear system of spatially discrete equations
d=vfdB

Mib = B j S d13 + ft (t) (IV.3.7)
13
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in terms of the (consistent) mass matrix

M = [MAB 1] for MAB = fs pc NA NB dB for A, B = 1, n,•ode, (IV.3.8)

the identity matrix 1 E ]Rndim x×di., and the linearized strain operator (B~d = sym[FTGrad6W]

for a deformation variation 6W and corresponding nodal variations 3d), and external forces

fezt (including puoisibly imposed boundary displacements). This system of ODE's is sup-
plemented by the initial conditions (IV.2.3) as in the linear case. The same conservation
laws (IV.3.3)-(IV.3.5) are inherited by the spatially discrete system (IV.3.7).

IV.3.2. Energy dissipative, momentum conserving schemes

Following the developments in Section IV.2 for the linear case, we consider the fol-
lowing temporal discretization of the nonlinear system of equations (IV.3.7)

d A dA
n+l n A A

-- At gcs + g , (A = 1, nnode) ,

Vn+1 Vn j (IV.3.9)

S

for a typical time increment [tn, tn+1], with the linearized strain operator Bn+1/ 2 evaluated
at the mid-point deformation Wn+1/2 = (Wn+l + Wn)/2. As in the linear case (IV.2.8),

the external force vector is approximated through a general expression fezt (e.g. the
second-order exprrojion fet = fext(tn+1/2)).

The structure of the equations (IV.3.9) is the same as the equations (IV.2.8) for the

linear case after identifying the conserving and dissipative part of the approximation of the
internal force. In contrast, however, and as discussed extensively below, this decomposition
is considered at the stress level through the expression

S = Slos + Sdiss , (IV.3.10)

for a conserving and dissipative approximation satisfying the pointwise relations

Scons 12 (C,+ 1 - C) = W(C-+l) - W(Cn) , (IV.3.11)

and

Sdis: (C.+1 - C.) = Dw , (IV.3.12)



Final Report, F49620-97-1-0196 187

respectively, for a dissipation density function Dw (i.e., per unit volume). The simulations
presented in Section IV.4 consider the expression

Sw = 2 ±(C+l)-W ) N N]OCW(C I + Cn) (IV.3.13)
IICn+I - C~,11L 2

for the conserving part, with

N C+1 - C, (IV.3.14)
IICT+l - Cfll'

and the well-defined limit

= 2 OcW(Cn+1 +C,) for C. =C.+. (IV.3.15)

Here, we have used in the Euclidean norm of a rank-two tensor I]CI12 := CijCjj. The
expression (IV.3.13) was first proposed in SIMO & GONZALEZ [1994]. We observe that
SC,,, defines a second order approximation of the stress.

A consistent dissipative part Sdi,8 satisfying the relation (IV.3.12) can then be con-
structed in the form

Sdiss := 2 C DW N, (IV.3.16)
IlCn,+i - c-1I1

with N given again by (IV.3.14) and the scalar 29w to be defined (with the proper limit
values for C,,+ = Co). As noted in Remark 5.1.2 of Part I of this work, the discrete stress
formula (IV.3.10) can be written in more general form as

S= + [ 2 W(C'± 1) -W(C-)±+)W S:NJN (IV.3.17)
L IICL.:,<, --cI

for a general second-order approximation S of (IV.3.15), while maintaining the dissipa-
tion/conservation properties described in this section.

Following the ideas developed in the previous section for the linear problem, the
velocity contributions in (IV.3.9) are also decomposed in conserving and dissipative parts.
As occurred in the linear case, the conserving part can be easily obtained through the
mid-point evaluation A A

= V (v 1 + vA A) (IV.3.18)gcons= n+1/2 -- ( • +V

for each node A = 1,nnode. The dissipative contributions gdiss to the velocity equation
(IV.3.9)1 are defined nodally by gA 'ndimthrough the solution of the system of

equations

•node BB NA pD, vn+ + vn

E MAB -- ivn+11l_ II iivn+1l1 + iiv 11i dB, (IV.3.19)
B=1
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for a dissipation density function D,. This expression is motivated by the equality

nnode .

nv lVA).MAB =ss Dv dB (IV.3.20)Y-(n 1- "n g A dis

A,B=1

similar to (IV.2.10) 2 for the linear case, and its momentum conservation properties iden-

tified in the analysis below.

In this way, multiplying equation (IV.3.9)1 by M(vn+l -'n) and (IV.3.9) 2 by (dn+l -
dn), we arrive at the discrete energy evolution equation

Hh h ~
Hn+1 - Hn, = f~ext " (dn+l - dn) - f[D, + D,,] WB, (IV.3.21)

'D

after some algebraic manipulations. Here Hh and Hh+ 1 correspond to the exact Hamil-

tonian function (IV.3.3) evaluated with the finite element solution at times t, and tn+1 ,
respectively. As employed in the linear case of Section IV.2, we can identify the total

dissipation contributions

DK : D dB and Dv: Dw dB , (IV.3.22)

with D = DK + Dv. The dissipative character of the resulting numerical scheme for the

force-free case fext = 0 is then concluded if we have D7, + Dw > 0. We note that the two

dissipation density functions Dw and D, need to be defined oil-y locally at the quadrature

points since they appear under an integral sign. This important observation is employed

below to arrive to efficient second-order schemes.

In addition, the specific form of the dissipative terms in (IV.3.9)1 and (IV.3.19) leads

to approximations conserving the momenta. Indeed, denoting by l1h+ and 1h the linear

momentum of the finite element solution at t,, and t,,+ respectively (i.e., formula (IV.3.4)

with the finite element fields) and using (IV.3.9) 2 , we arrive at the relation

T E -fA

:n+ 1/2Grad [a] dB+At (zf Xt • a
3 S\- - A = 1

0
/nnode

=At T •Z •a Va E ]Rndi-m (IV.3.23)
\ A=1I



Final Report, F49620-97-1-0196 189

thus leading to the conservation of the linear momentum when fext = 0 (note that this

implies no imposed boundary displacements as well). Similarly, denoting by Jh 1 and

Jh the linear momentum of the finite element solution at t, and t,+, respectively (i.e.,
formula (IV.3.5) with the finite element fields) and using (IV.3.9), we arrive after some

algebraic manipulations at the relation

n( n a = a.P(O~ x V, +1 -n X dB

F- j +1/2 SF T+1 /2: t dB + At me,,t a

symmetric skew

= At int" a Va E R , (IV.3.24)

where r& denotes the skew-symmetric tensor with axial vector a, and ffiet is the moment

of the external loading, given by

theXt := 1n+1/2 X Po i dB + f1 n+1/2 x T dF, (IV.3.25)

where f and T denotes the temporal discretization assumed for the external loads, the
later consisting of all the surface loads on the boundary OB, including the reactions at the
boundary a•B with imposed displacements at the mid-configuration Wn+1/2. Therefore,
the conservation of the angular momentum for 2nezt = 0 (including no imposed boundary

displacements as well) is concluded.

The above developments follow the same arguments as the ones presented in Part I

of this work (hence the conciseness in the presentation) for the analysis of similai time-
stepping schemes but in combination with a lumped form of the mass matrix AlI and

dissipation function in the velocities. In the same way, we can prove that the relative
equilibria of the discrete system (IV.3.7) (now involving a consistent form of the centrifugal
body forces in the equilibrium configurations) are also conserved by the time-stepping

scheme. We refer the reader to this reference for a proof and further details. We summarize
these properties in the following proposition.

Proposition IV.3.1 The numerical scheme (IV.3.9), with (IV.3.16) and (IV.3.19), pos-

sesses the following conservation/dissipation properties for the Neumann problem of non-
linear elastodynamics (i.e. 1f,,t = 0 with auB = 0):

1. The discrete 1h linear and angular momenta jh are conserved. That is, we have

h n and h+1 nJh (IV.3.26)
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unconditionally in the time step At.

2. The total energy evolves as

H+ - Hhj - [E + D w] dB . (IV.S.27)

Hence the scheme is dissipative unconditionally in At and the elastic potential W(.)
if D, +D w > 0.

3. The discrete dynamical system preserves the relative equilibria.

The numerical scheme is then totally determined once the dissipation density functions
Dw and Dv are defined at the quadrature points. In this context, a first-order energy-
dissipative momentum-conserving scheme was presented in Part I of this work, with the
dissipation functions

Dw = X, ½ (C"+1 - C.): (C+1 - C.) __ 0
S(IV.3.2S)

V = X2 2 Po (Hv1n+II - Ikv,11) 2 > 0

for two algorithmic parameters X, -> 0 and X2 -Ž 0, and a positive (semi-)definite tensor C,,
e.g. Cn = 4ac•cWI, (or its convexification; see e.g. DACOROGNA [1989], page 35), leading
"a first-order scheme, referred to as EDMC-1. More precisely, we presented in this reference
"a variant involving a lumped mass matrix with an equivalent nodally-based definition of the
dissipation function D,, that leads to a very efficient numerical implementation of the final
discrete equations, involving the solution of a system of ndof equations with independent
nodal updates for the nodal velocities corresponding to equation (IV.3.9)1 . The expressions
(IV.3.28) are analogous to (IV.2.18) for the linear case. In this way, the resulting scheme
can be considered the extension to the nonlinear case of the energy~dissipative ED-1 scheme
described in Section IV.2.1.1 for linear elastodynamics. We develop in the next section
a second-order energy-dissipative momentum-conserving scheme, denoted by EDMC-2,
extending the energy dissipative ED-2 schemes formulated in Section IV.2.1.2 for the linear
problem.

IV.3.2.1. A second-order energy decaying scheme (EDMC-2)

As noted in the beginning of this section, one of the challenges in the formulation of
efficient time-stepping algorithms is to avoid multi-stage formulas like the ED-2 scheme
developed in Section IV.2.1.2 for linear elastodynamics, thus avoiding the doubling of
the number of unknowns (i.e., nodal displacements and velocities) for each additional
stage. The key observation is again that the dissipation density functions D, and Dw (see
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e.g. (IV.3.27)) need to be defined locally at the quadrature points of the finite element

implementation only. Therefore, and motivated by the form of the expressions (IV.2.23)

in the linear case, we introduce the definitions

2= ( C-.- C) 4. (cA+ 1 - C- ) , (IV.3.29)

for an intermediate "strain measure" C,,, second-order approximation in time of C,, and,

introducing the r.nuation v, := f1v,11 and vr+, := I'vn+1II,

DV = ½ (i'n - vn) P. (v,+1 - vn), (V.3.30)

for an intermediate scalar value 7/, second-order approximation in time of vn := livnll-

That is, we require

Cn = ±n + O(At 2) and i;n = vn + O(At 2 ) (IV.3.31)

We note that the use of the intermediate values (C, and iý does not require the introduction
of new nodal displacements and velocities (say d, and ii,) as in the linear case. These
quantities are to be understood as numerical terms that through the definitions introduced

next lead to a dissipative numerical approximation being second-order in time.

Similarly, the only property required to the fourth-order tensor Ct introduced in

(iV.3.29) is its positive definiteness. The derivation followed here emphasizes the de-
velopment of a general procedure for the construction of energy-dissipative momentum-

conserving schemes, leading to this freedom in the choice of the general terms. This
freedom was also noted in Remark IV.2.2.2 for the linear case. The consideration of a
constant t, in tVe time step simplifies considerably the final numerical implementation,
especially the c-asistent linearization of the resulting equations. In this way, we consider

,n = 4ac2cWl,, (or its convexification) or simply t_, = KnII for a scalar parameter K, > 0
and the fourth-order identity matrix 1. A value of K, = 2pt (the initial shear modulus)
has been assumed in the simulations presented in Section IV.4 involving a compress-
ible Neo-Hookean finite elastic model. We note the residual character of the definitions
(IV.3.29) and (IV.3.30) (through the proper definition of the intermediate values Cn and
vn, as developed below), and conclude the consistency of these different alternatives in the

definition of Ct.

A simple definition of the intermediate tensor On is given in the form

Cn, = Cn + 3,, (C,+ 1 - C,), (IV.3.32)

for an unknown scalar parameter &n. We note that both C, and C,+j are known in a
typical iterative procedure (e.g. Newton-Raphson) when solving the nonlinear system of
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equations (IV.3.9). The requirement (IV.3.31)1 for a second-order scheme translates then

to

= O(At), (IV.3.33)

since C,,+1 - C, = O(At). The numerical scheme reduces then to the definition of the

two scalars /3 and i;,• at each quadrature point.

Motivated by the developments in Section IV.2.1.2 for the linear case, equations

(IV.2.21) in particular, we introduce fhlc definitions

a= (v.+ 1 - .),
h At 2 (IV.3.34)

_ C IIC+,+ - C.112(1 -

for an algorithmic parameter a, a length scale h (e.g. based on the quadrature point

structure of the preceding developments h ---di/quadrature point reference volume -- ii 7 ,
for j = determinant of isoparametric map x quadrature weight, the isoparametric map

corresponding to the reference volume) and

C 2 where R := ( C.) : (C"+1  C.) (IV.3.35)
PO IIC.+i - C.112

The dimensional consistency of the final equations (IV.3.34) can be verified. We emphasize

that the length scale parameter h is based on the reference spatial discretization and it is,
therefore, not affected by the distortions of the spatial mesh that may lead to small values

of the volumes associated to the quadratare points in the deformed mesh; see also Remark

IV.3.1.3 below. We also observe that t-.h required order conditions (IV.3.31) and (IV.3.33)

are satisfied, as discussed in Remark IV*3.1.2. The expressions (IV.3.35) are simple linear

equations in the two unknown scalars/3n and !n, with the closed-form solution

t 1 _ + aA t1n =- _-a- Lvn+±-vn+a c2 l10n+i-i nIVJ] (IV.3.36)

and

1 [v _ a (1 a A -- At C2 IIC.+, -C 2 (cV.3.37)

for

= 1+ C 2  (-)2

with , = 0 and r,• = v,, for IIC,+, - Cnll = 0 and IIvn+j1 l = I11v11.
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The motivation behind the definitions (IV.3.35) is the non-negative character of the

combination 7Dw + D, appearing in the final expression (IV.3.27) of the total dissipation,
as in the linear case considered in Section IV.2.1.2 for the ED-2 scheme. This property is

achieved through the cross-type definitions of • and Z/ appearing in expressions (IV.3.35).

In fact, we have

D,• + Dw = P (i" - v') P. (vC+i - v.) + C- C) (C+ - C')

- p. (;. - v,) 2 + I ( C.)- c,) ¼ ((A- c,)

^n=f. C1)-) c,,)

-P. (_. V.) + C.)

R.(i, - vO) p, (i, - v,+ 1 ) -. (c 0 -

- p. (i/n- v,) 2 + 2 (C- c,) '?n (C,,- c")

- (T/, - v.) P, ( 1• V- +1) (I. C2n - c,) ] Pa (i - c,

22

_ po •. -vn)2 + • c,) : It, -4%_ n

I (TI. -V.) +a(.-•+• , (1 C2 At) 11(%o _l+ On 112

=0 by ( -V.3.34)2

n P2 +i~ v (Cýn _CC=) by CC) 0 (IV.3.38)

since p. > 0 and ýn is positive semi-definite. Furthermore, the relation (IV.3.38) holds un-
conditionally in At and, perhaps more importantly, unconditionally on the elastic potential

We emphasize once more that the final numerical scheme reduces to the evaluation of
proper dissipation functions at the quadrature points. This is simply accomplished through

the (linear) evaluation (IV.3.36)-(IV.3.37) of two scalar parameters. The implementation
involves then the solution of a 2 • ndof algebraic system of equations in dn+i and Vn+l

only, and not 4 • ndof equations as it would be the case in a two-stage scheme. However,
we readily observe that in contrast with traditional algorithms where the 2" fndof equations
can be decoupled in a nonlinear algebraic system of ndof equations with nodal updates
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for the velocities, the resulting system for EDMC-2 scheme is coupled in the velocity and

displacement contributions. This situation is due to the crossed used of the velocity and

displacement in the dissipative terms (IV.3.34). Furthermore, the conserving/dissipative

contributions lead to a unsymmetric material stiffness matrix, as it is common in existing

conserving schemes. Appendix IV.2 describes the details of a numerical implementation

of the proposed scheme that avoids these drawbacks by introducing a nested iterative pro-

cess based on a symmetric algebraic system of equations. A complete comparative study

of the computational cost involved is also included, showing that the improved conser-

vation/dissipative properties of the proposed schemes can be obtained at a comDetitive

computational cost. The dissipation/conservation properties summarized in Proposition

IV.3.1, as well as the second-order accuracy in time of the resulting scheme, have been

confirmed in the numerical simulations presented in the following section.

Remarks IV.3.1.

1. We note that the need to introduce the length scale parameter h in (IV.3.34) is a

consequence of the definition of the dissipation functions at the level of the quadra-

ture points, with temporal relations involving strains and velocities (thus the need of

the length parameter for dimensional consistency). This situation does not apply to

other nonlinear Hamiltonian systems, where the developments presented above for the
system of nonlinear elastodynamics generalize. For example, for the simpler model
problem of a nonlinear spring with elastic potential V(1) (1 = spring length), fixed at
one end and with a point mass m at the other end free of other external forces, as

considered in Part I of this work, the EDMC-2 scheme reads

1 (qn+l - qn) = Vn+/ 2 ± M- 1  
-K Vn+1 + Vn ]

At vn+ - Vn vn+ + v( 339)

m V(ln+l) - V(ln) + Dv qn+l + q,, J
A -1+1 - 1n 1n+1 + 1.7

that is, as the EDMC-1 scheme presented in this reference, but with the dissipation
functions

Dv = 1 k•7 (T.,-l 1)(l 7+ -l 1n), and DK = ½ m (Vi- v,)(v 1+l - vn) , (IV.3.40)

where kn := V"(1l 1) > 0 (or its convexification) and, similar to (IV.3.34),

1. = 1n + a At (7n - vn+1 ), (IV.3.41)

m ý,, --- m v,, - a At Kn (Tn - 1n+0) (IV.3.42)

with no need to introduce additional length parameters. Here, we have used the no-

tation of qt E R2 for the position vector at time t of the mass m from the fixed
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end and vt E R 2 for the velocity vector of the mass at time t, with It = jHqtHj and

vt = 11vtlj. The scheme (IV.3.39)-(IV.3.42) exhibits the same dissipation/conservation

properties as summarized in Proposition IV.3.1 for nonlinear elastodynamics. In par-

ticular, similar arguments show unconditional energy dissipation (the energy being

H = m v 2/2 + V(1)) and conservation of the angular momentum around the center

(the angular momentum being J = m v 1 sin € for the angle € between the vectors

q and v), while being second-order accurate in time. We refer again to Part I of

this work for details on this model problem as well as for a related simplified model

of thin beams. Similar arguments apply in the construction of second-order energy-

dissipative, momentum-conserving schemes for this and similar nonlinear Hamiltonian

systems; details are omitted.

2. The order conditions (IV.3.31) and (IV.3.33) are satisfied, in fact, in the form

= O(ACFL At) and i?, = v,, +O(ACFL At 2) for AAtL = c-E, (IV.3.43)

that is, a "Courant parameter" in terms of the speed value c defined in (IV.3.35). Note

that the introduction of ACFL should not be related to any condition on the stability
of the algorithm; we have shown the unconditionally (energy) stable character of the

proposed scheme. This stability is accomplished for any value of the time step At and

spatial discretization (i.e. h). Nonetheless, it is normal to consider simulations for a
fixed (non-dimensional) ratio of these parameters, that is, a fixed AC FL. The relations
(IV.3.43) show the consistency (the second-order accuracy of the scheme, as a matter

of fact) under these conditions. No conditional consistency is observed.

3. We also note the lack of singularity of the above expressions for small values of the

length parameter h (that is, fine meshes) for a fixed time step. We emphasize again

that this parameter is defined in terms of the reference mesh, so this case may arise for

a limit choice of the initial mesh and not due to excessive distortions of its deformed
configuration. A straightforward calculation shows that for h .-+ 0 we obtain the limit

values i3, -+ v,,+, and C. -+ C.+, (i.e., &, -+ 1), leading to a finite value of the total

dissipation density TD, + Dw in (IV.3.38) 1 . Observe that the total dissipation is given

by the sum over all the n9... ,, quadrature points

/[D, + Dw] dB [D, + Dw] hndim, (IV.3.44)

so still the contribution to the total dissipation of the quadrature point with h, -+ 0

vanishes, as expected.

4. We note again the emphasis in the presentation herein on the construction of a gen-

eral procedure, leading to a possible multiple choice in some of the parameters. Still,



F. Armero 196

from a practical point of view the meaningful parameter controlling the numerical
dissipation is only one, namely, the (non-dimensional) algorithmic parameter a. Par-
ticular choices on the values of the dissipative terms A, defining a computationally
convenient Ct,, (see discussion after (IV.3.31) would only correspond basically to a
re-scaling of the parameter ca. This corresponds to the same situation discussed in
Remark IV.2.2.2 for the linear case. The calibration of the algorithmic parameter
a can be obtained, for example, through the dissipation curves in the representative
linear problemns considered in Section IV.2. El

IV.4. Representative Numerical Simulations

The spectral analyses presented in Section IV.2.2 characterize completely the nu-
merical properties of the new ED-i and ED-2 schemes presented in this paper for linear
elastodynamics. To evaluate the performance of the newly proposed EDMC-2 scheme for
nonlinear elastodynamics, we consider in this section several representative numerical sim-
ulations that verify numerically the accuracy and dissipation/conservation properties of
the new scheme shown in Section IV.3.2.

To this purpose, we consider the finite elastic solid depicted in Figure IV.4.1 in its
initial configuration (t = 0). As seen in this figure, the solid consists of a central ring with
three equally spaced blades resembling a propeller. The ring has an inner radius of 0.4,
outer radius of 0.5 and depth of 0.2, and it is discretized in 15 equally spaced groups of 6
8-node bricks each. The distance from the the center of the ring to the tip of the blades is
2.5, having a twisted reference shape in between, with linearly varying thickness along its
height. We have included in Figure IV.4.2 the coordinates of the nodes at the tip and at
the base of one )f the blades. A total of 12 8-node bricks are used for each blade.

The compressible Neo-Hookean model given by the stored energy function

W(C) = A log2 J + - g(I - 3) - plog J, (IV.4. 1)

for J = •detC and I1 = tr C, and material parameters A and p (the Lam6 constants), is
considered. As indicated in the previous section, the numerical properties of the proposed
schemes generalize to any elastic potential. The parameters Ab = 57.70 and I'b = 38.46 are
assumed for the blades. The inner ring is assumed stiffer, with Ar = 8 . Ab and Lr = 8 Ilb.

The reference density is taken to be pa = 8.93 throughout.

A volumetric body force is applied initially to the inner ring only, with the form

B(X, t) = T(t) [e3 X cp(X, t)] , (IV.4.2)
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FIGURE IV.4.1 Three-dimensional, Neo-Hookean solid: problem
definition. The solid consists of a ring of inner radius 0.4, outer radius
0.5, and depth 0.2, discretized with 90 8-node bricks. Three equally
spaced blades, with a linearly varying thickness, are discretized with 12
finite elements each. The coordinates shown are given in the depicted
x - y - z Cartesian system, with the axis of the ring corresponding to
the z-axis.

where e3 is the unit vector in the direction of the undeformed ring axis (the z-axis in Figure

IV.4.1), and W(X,t) is the current position of the material particle X. No boundary
loading nor displacements are imposed. Different loading functions T(t) are considered in

the sections that follow. The mid-point approximation of the forcing term in (IV.3.9) is

considered.

With this problem at hand, we verify first in Section IV.4.1 the second-order accu-

racy of the proposed scheme. Section IV.4.2 focuses on the evaluation of the dissipa-

tion/conservation properties of the proposed scheme summarized in Proposition IV.3.1.

Section IV.4.3 assesses in more detail the performance of the numerical schemes under

study for a complex forced motion.

IV.4.1. Evaluation of the numerical accuracy in time
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We verify in this section that the theoretical second-order accuracy in time of the new
EDMC-2 is actually observed in numerical simulations. We consider the triangular loading
function

T-max 0 < T2
0T/2/2

T = Tma (2 -{ t T12•t<T (,V.4.3)

0, t>_.

for the volumetric loading history in (IV.4.2). Therefore, tile solid is in free motion after
t > T (7-(t) = 0 thereafter). We consider the values of T = 15 and ra-, = 5.6. We run the

simulations for a fixed period of time [0, 30], different steps sizes At and different values

of the algorithmic parameter a.

We report in Figure IV.4.2 the Euclidean norm of the errors in the nodal displacements
and nodal velocities, that is,

ed nn d A A 11mI2]1 1/2 a d e ~ 11v 'A 11m2  ] 1/2 ( V 46dI d - dmi and ev :---' d V _ VAI (IV. 4.4)

A=1 A=1

where the "limit" solution, approximating the exact solution, is taken to be the solution
computed with a very small time step (At = 1 _ 10-3) and the conserving scheme (a = 0)'
The results for a = 0 (energy-momentum conserving scheme), a = 1/8 and a = 1/6 are
depicted in this figure. The spatial discretization is kept fixed. The results presented in
Figure IV.4.2 verify the second-order accuracy of the EDMC-2 scheme for all cases. In
fact, we observe that the introduction of the numerical dissipation through the algorithmic
parameter a : 0 leads to numerical errors of the same orde.r as in the conserving scheme
a = 0. Figure IV.4.3 depicts the final deformed configurptiin of the solid, computed with
the EDMC-2 for a = 1/8 and At = 1 . 10-2. The significant amount of straining of the
solid is apparent.

We note that, in contrast with its linear counterpart (the ED-2 scheme of Section
IV.2.1.2), the case a = 1/6 does not lead to a third-order scheme in time, but second-order
only. This result can be traced back to the forms of the dissipative stress and velocity
terms in (IV.3.16) and (IV.3.19), respectively, irrespective of the order of the dissipation
functions Dw and 2V,. Remember that the particular form employed in these expres-

sions was motivated by the need to conserve angular momenta and corresponding relative
equilibria (a feature much more important that the added extra degree of accuracy, we
would say), thus leading to a numerical scheme that shows the right qualitative dynam-
ics while still showing the desired controlled numerical dissipation in the internal modes
of the motion. Additional examples evaluating the numerical accuracy of the proposed
schemes in comparison with other existing methods, including an evaluation of accuracy
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FIGURE IV.4.2 Three-dimensional, Neo-Hookean solid. Conver-
gence plots for the Euclidean norm of the nodal errors of the dis-
placements and velocities. The second-order accuracy of the EDMC-2
scheme is verified.
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FIGURE IV.4.3 Three-dimensional, Neo-Hookean solid. Deformed
configuration at t = 30, computed with the EDMC-2 scheme, with
a = 1/8 and At = 1 - 10-2.

versus computational cost, can be found in Section IV.2.3.1 of Appendix IV.2. These
dissipation/conservation properties are evaluated in the following section.

IV.4.2. Evaluation of the dissipation/conservation properties

To verify the dissipation/conservation properties summarized in Proportion IV.3.1,
we compute the long-term solution of the same problem considered in the previous section
under the loading function (IV.4.3), with the values T = 10 and max = 6.1. We carry
out the numerical simulation with the EDMC-2 scheme with an algorithmic parameter of
a = 2, and the HHT scheme with an algorithmic parameter of a = 0.85.

We consider first simulations with a time step of At = 1.2. Figure IV.4.4 depicts
the evolution of the energy (including kinetic, strain and total energies) and of the three
components of the angular momentum obtained with the HHT and the EDMC-2 schemes,
respectively. The conservation of the angular momentum by the EDMC-2 scheme is con-
firmed, as it can be observed by the constant value of its different components after the
initial period of application of the load (t < 10). Furthermore, the EDMC-2 scheme ex-
hibits the monotonic non-negative dissipation shown in Proportion IV.3.1. This situation
is to be contrasted with the solution obtained with the HHT scheme. Clearly the angular
momentum is not conserved. Furthermore, the dissipative character of the scheme is lost
in this nonlinear range. Observe how the energy oscillates, and may eventually grow. In
fact, we have not obtained convergence with this time step at a time of t = 23.
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FIGURTItE IV'.4.4 Three-dimensional, Neo-Hookean solid. Short-term
solutions (t E [0, 30]) obtained with time step size At = 1.2 for the

HHT (left) , a = 0.85, and the EDMC-2 (right) a = 2. The angular
momentum of the solid remains constant upon release (t = 10) for the
EDMC-2 in contrast to the solution obtained with the HHT scheme.
The dissipation in the latter is not monotonic (i.e. the total energy
may increase) and, in fact, a lack of convergence is observed for this
time step at t = 23. In contrast, the monotonic non-negative character
of the dissipation of the EDMC-2 is confirmed.
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FIGURE IV.4.5 Three-dimensional, Neo-Hookean solid. Long-term
solutions (t E [0, 1000]) obtained with time step size At = 1.0 for the
H0.T (left) , a = 0.85, and the EDMG-2 (right) a = 2. The angular
momentum of the solid remains constant upon release (t = 10) for the
EDMC-2 in contrast to the solution obtained with the HHT scheme
with decreasing angular momentum. In this case with a small time
step, the total energy of the solid decreases tending to zero for the
HHT while the EDMC-2 decreases to the level marked by the relative
equilibria associated to the constant angular momentum. The solution
for the HHT tends asymptotically to the solid at rest.
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t 12 t 14 t 1

t =18 t =20 t 2

FIGURE IV.4.6 Three-dimensional, Neo-Hookean solid. Solu-
tion obtained with the new energy-di~sipative, momentum-conserving
(EDMG-2) time-stepping scheme with A~t = 1.0. Initial stages (short-
term solution). Snapshots shown every 2 time steps starting at t = 0.
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FIGURE IV.4.7 Three-dimensional, Neo-Hookean solid. Solu-
tion obtained with the new energy-dissipative, momentum-corserving
(EDMC-2) time-stepping scheme At = 1.0. Final stages (long-term
solution). Snapshots shown every 2 time steps starting at t = 1000.
The solid is essentially at the relative equilibrium, consisting of a rigid
rotation.
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Reducing the time step to At = 1.0 allows to compute the solution with the HHT.

Figure IV.4.5 (left column) depicts the evolution of the energy and angular momentum

in this case. The long-term solution (t E [0, 1000]) is shown. The lack of conservation

of the angular momentum for the HHT scheme is again clear. We observe indeed that

the angular momentum of the solid decreases. Observe also that the energy tends also

to decrease to zero. This response confirms the results obtained in Part I of this work.

Traditional "linearly dissipative" schemes do not preserve the relative equilibria of the

system, introducing the numerical dissipation (if they do, that is, for small time steps)

in all the modes of deformation of the solid. The solid tends then to the rest position

asymptotically.

This situation is to be contrasted with the performance of the newly proposed EDMC-

2. Figure IV.4.5 (right column) includes also the evolution of the three components of

the angular momenta and the energy (total, kinetic and strain energies) for this case,

and a time step of again At = 1.0. After the initial loading stages, we can observe the

conservation of the angular momentum and the monotonic decay of the total energy, as

shown in Proposition IV.3.1 above. In particular, we observe that the evolution of the

energy converges asymptotically to a non-zero value. It converges, in fact, to the energy

of the relative equilibrium associated to the constant angular momentum.

Figure IV.4.6 shows the configuration of the deforming solid during the initial stages

of the simulation with the EDMC-2 scheme. The varying deformation of the blades and
the inner ring is apparent. In particular, we can observe the twisting and bending of

the blades, characteristic of the existing high-frequency modes in the short-term solution.

Figure IV.4.7 depicts the configuration of the solid in the final stages of the very same
simulation. In particular, the absence of these high-frequency modes is apparent. In
contrast with the HHT solution, the solution is (asymptotically) closed to the relative
equilibrium of the system, consisting of rigid rotation around the axis of symmetry of the
solid with a fixed deformation of the blades and inner ring. No translation is involved due
to the symmetry in the problem.

Figure IV.4.8 depicts this relative equilibrium configuration, but computed directly

from the equilibrium equation for the imposed angular momentum (the angular momentum

after the initial loading phase). That is, we solve the system of finite element equations

jNA p, [Ee X (0,e X Wfe)] dB+ B T S(Wp) dB1= 0, A= 1 , node, (IV.4.5)

for the equilibrium configuration W,. Here, the equilibrium angular velocity 0, has the

same axis as the imposed angular momentum J,, and it is incremented until the known

value of the angular momentum I1JeII is obtained. We note that the equilibrium velocity

field at the relative equilibrium is given by

Ve = Oe X Oe, (IV.4.6)
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FIGURE IV.4.8 Three-dimensional, Neo-Hookean solid. Relative
equilibrium configuration computed by solving directly the equilibrium
equation (IV.4.5).

with the corresponding angular momentum given by the expression (IV.3.5). The imposed
boundary conditions when solving the equations (IV.4.5) for W, restrict the translations
along the axis defined by Q, as well as the rotations around this same axis. Physically,
equation (IV.4.5) corresponds to the balance between the internal stresses at the equi-
librium configuration S(W,) and the centrifugal forces associated to the rigid rotation
-Qe x (0, x We). Note that a consistent approximation has been assumed for this forc-
ing term, as reflected by the integral involving the shape function NA in the first term
of (IV.4.5), "- accordance with the consistent approximation of the transient term as-
sumed in tt i_ DMC-2 scheme. The computed relative equilibrium solution has an energy
of H, = 0.4033, corresponding to an angular velocity of Q, = 0.272462 for the angular
momentum J, = 2.9138. We observe that the long-term solution computed in the dy-
namic simulation with the newly proposed EDMC-2 agrees with this equilibrium position,
including the asymptotic value of the energy in the long term.

Moreover, further analyses show that the consideration of this equilibrium configura-
tion with the initial velocity given by (IV.4.6) as initial conditions leads to a numerical
solution corresponding to this relative equilibrium (i.e., a rigid rotation), when computed
with the proposed second-order EDMC-2 scheme. At the relative equilibrium, the EDMC-2
scheme reduces to the energy-momentum conserving scheme which leads to a second-order
approximation of the equilibrium rotation, as shown in Part I of this work for general nu-
merical schemes of the form (IV.3.9). We refer to this reference and references therein for
further details on the relative equilibria in nonlinear elastodynamics and their numerical
approximation.
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We conclude that the EDMC-2 proposed in this work accomplishes then the desired

high-frequency energy dissipation of the internal modes of the motion while preserving

the momenta and relative equilibria of the system, and exhibiting at the same time a

second-order accuracy in time. This situation is to be contrasted with the performance of

traditional "dissipative" numerical schemes like the HHT a-method.

IV.4.3. Evaluation of the numerical performance in forced motions

To conclude with the assessmprnt of the numerical schemes under investigation, we

consider in this section a problem involving a more complex forced motion. The goal is to

evaluate the numerical performance of the schemes when different frequencies are excited

in an extended period of time. To this purpose, we consider the same solid as employed in

the previous sections, subjected to same torque distribution (IV.4.2), but with the loading

function r 5.6 sin(6t) + 1.7 sin(27t) for t < 87r,r(t) = -o (IV.4 .7)
0 for t > 87r,

consisting of two sine functions with angular frequencies of 6 and 27, respectively. The

solid is then released at the time t - 25. A constant time step of At = 0.02 is considered,
resolving correctly the function r(t) in (IV.4.7). This function has been depicted in Figure

IV.4.9. This specific loading has been chosen after carrying out a modal analysis of the

solid in the initial undeformed configuration, consisting of a total of 828 modes. The lowest

natural frequency in this configuration is w, = 0.3 with the 2 6th natural frequency being

W26 =6.0 and the 9 8 th frequency being w98 = 27.0. A cluster of modes can also be ob-

served around the latter value, with a total of 12 modes in the frequency range [26.0, 28.0].

Obviously the natural frequencies associated with the linearized problem change in time
given the general large deformation framework considered herein.

Figure IV.4.10 (top row) deTr- &s the solution obtained with the conserving scheme

S= 0. We have included the evolution of the total energy of the solid and the quantity

f Vn+1 -Vn 12 dB]1/2 (V48

S 111/2Ilahllj:= [ fl 4 - V d13 , (IV.4.8)

approximating the L2-norm of the acceleration field. The high-frequency content of the

solution is apparent in the acceleration plot, which is observed to increase in time. This

increase is observed not only during the period of time [0, 87r] of application of the exter-

nal force, but also after the solid is released. Even though the energy is conserved after

this instant, no convergence is obtained for this step size at time t - 39. This example

illustrates the lack of control on the acceleration by conserving schemes, leading to the ob-

served difficulties in resolving motions with a high-frequency content. Additional examples
involving simpler Hamiltonian systems can be found in Part I of this work.
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FIGURE IV.4.9 Three-dimensional, Neo-Hookean solid. Loading
function r(t) = 50 sin(6t) + 15 sin(27t) with At = 0.02.

Figure IV.4.10 depicts also the solutions obtained by different EDMC-2 dissipative
schemes. The two values of a = 1/8 and 1/4 are considered. In contrast with the previous
conserving scheme, the numerical acceleration can be observed to be under control, at the
price of a dissipated energy upon release. No lack of convergence has been observed in these
cases for this time step. The total energy and the acceleration norm (IV.4.8) is depicted
versus time for the different values of the algorithmic parameter a. The comparison of these

solutions illustrates the role of this algorithmic parameter In the control of the performance
(the numerical dissipation, in particular) of the numer:,dl scheme. The presence of this
parameter allows then to obtain the numerical solution in the complex motions where
conserving schemes show clear difficulties in the resolution of all the components of the
motion. We note that the one-step nature of the proposed scheme allows for the perfect
control of the numerical dissipation introduced in the simulations by adapting the value
of this algorithmic parameter, if desired, while maintaining a reasonable time step based
only on accuracy considerations.

IV.5. Concluding Remarks

We have presented in this paper a new second-order time-stepping algorithm for non-
linear elastodynamics (the EDMC-2 scheme) that exhibits rigorously the energy dissipation
properties needed for the solution of stiff problems of interest, while preserving the conser-
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vation laws of linear and angular momenta and as well as the associated relative equilibria.

The spectral properties of the new schemes have also been studied in detail for the system

of linear elastodynamics. The ideas presented here lead to new numerical schemes even in

this linear range, being second-order in time and exhibiting controlled energy dissipation

in the high-frequency range. In fact, the new second-order scheme ED-2 has been shown to

be L-stable, extending in this way some existing multi-stage (Runge-Kutta type) schemes.

As discussed and shown rigorously in Part I of this work, traditional "dissipative"

numerical schemes, like the HHT a-method, not only loose this dissipativity property

in the nonlinear range (exhibiting numerical instabilities in the form of an uncontrollable

energy growth in time), but they do not preserve either other features of the phase dynamics

like relative equilibria. In contrast, the newly proposed EDMC schemes (the first-order

EDMC-1 or the second-order EDMC-2) show these dissipation properties at the internal

modes of the motion, as illustrated in the example of Section IV.4.2. We emphasize the

controlled character of the numerical dissipation introduced in the numerical simulation.
In particular, this numerical dissipation may be turned off at any time, if desired, while

keeping it when difficulties appear with conserving approximations of the problem, as

illustrated in the example presented in Section IV.4.3, following the standard philosophy
for the use of dissipative schemes in the linear range. The limit situation presented in

Section IV.4.2 of obtaining asymptotically the relative equilibrium illustrates the long-term
properties of the proposed numerical scheme and the nature of the introduced numerical
dissipation, even though we may not be interested in damping all the internal modes of
the motion in particular applications. On the other hand, the proposed schemes appear
as an efficient tool for obtaining these equilibrium solutions.

In this respect, and based on our experience, we find fundamental that the numerical

scheme preserves the conservation law of angular momentum at all times, an intrinsically
nonlinear property as indicated in the introduction, and hence absent in standard high-
frequency "dissipative" schemes. The need to assure this property leads necessarily to

complex nonlinear formulae when compared, for example, to the ideas presented herein
for the linear range. Nonetheless, the construction of the energy dissipative properties
in nonlinear elastodynamics has been shown in this paper to follow the same arguments
presented for the linear problem, but at the level of the quadrature points of a typical

finite element implementation of these methods. This strategy avoids the additional large
computational cost associated with the doubling of the number of unknowns in each time

step for each stage of a globally defined multi-stage formula (typical, for example, of dis-

continuous Galerkin-type approaches), with a fully coupled algebraic system of equations

between all these stages. Still, the new scheme requires the coupled solution for the nodal
displacements and velocities of the single stage. We presented in Part I of this work how
a lumped implementation of these ideas led to a more standard implementation for the
first-order EDMC-1 scheme, involving the solution of an algebraic system of equations for

the nodal displacements combined with independent (nonlinear) nodal updates. To avoid



Final Report, F49620-97-1-0196 211

the added computational cost for the EDMC-2 scheme proposed herein, a nested iterative
procedure has been developed, applying also to the energy conserving limit as a particular
case. In contrast with existing implementations of conserving algorithms, the proposed
technique involves a symmetric algebraic system of equations to solve and leads altogether
to a computationally efficient, competitive algorithm. Complete details are presented in
Appendix IV.2. Finally, the ideas presented in this paper can be applied to time-stepping
algorithms in the rotation group, with applications in the stable integration of geometri-
cally exact rod and shell theories, as we plan to present in a forthcoming publication.

Acknowledgments: Financial support for this research was provided by the AFOSR
under contract no. F49620-97-1-0196 with UC Berkeley. This support is gratefully ac-
knowledged.

Appendix IV.1. Implementation of the EDMC-2 scheme

We summarize in this appendix the numerical implementation of the newly proposed
second-order energy-dissipative, momentum-conservinig EDMC-2 scheme. The implemen-
tation of the first-order EDMC-1 scheme can be found discussed in Part I of this work.
Of interest in the case of the EDMC-2 is to avoid the coupling between the nodal veloc-
ities and displacements as well as the non-symmetry of the material tangent mentioned
in Section IV.3.2.1. After summarizing the algebraic finite element equations and their
consistent linearization in Sections IV.2.1 and IV.2.2 showing these conditions, we develop
in Section IV.2.3 of this appendix a symmetric nested iteration procedure that regains the
computational efficiency of the final numerical implementation. A complete comparative
study is included in Section IV.2.3.1.

IV.I.1. The finite element residual

We begin by writing the discrete finite element equations (IV.3.9) in the following
residual form

R(dn+l, V,+0) R= with RA RdAg A nn (I.1

Rnnode

where the nodal residuals are given

RA fe~At A- fl- , d23 - Bn+11 2S dB

j- P N A( -(1)(1.2)
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for each node A 1, nfnode, with the linearized strain operator in total Lagrangian form

ýTI_1/2,1 NA1

T NA

"Tn+1/2,3 NA

A,3 for the material derivatives
7T NA + c 1 /2,3 NA(1.3)

Pn+1/ 2 ,2 N,3 P+/ 2,
DpT NA+PT N
n+~'1/2,1 N, 2 ±n+ 1/2,2 Ni

Here, the rows are defined in terms of ,•+1/2,i the column i of the deformation gradient

F,•+1/2 = (Fn+l + Fn)/2. The stress tensor S in (1.2) is given by (IV.3.16), which can be
written for the EDMC-2 scheme of interest as

S = Sco, + fdiss N, for fdiss = 0 InICn+I - c , (1.4)

with So, given by (IV.3.13) and (IV.3.15), N by (IV.3.14), /,3 by (IV.3.34) 1 and R by
(IV.3.35) 2 . The scalar gdi,, in (1.2)2 denotes the combination

9diss = - , (1.5)

Vn+1 + vn

for ;/, given by (IV.3.34) 2, vn = IjvnII and vn+l = IIv,+11I. The integrals in (1.2), and

similar ones appearing below, are ccmputed through the standard assembly of element
contributions computed through a qu'iadrature rule.

IV.1.2. The consistent linearization

The nonlinear system of equations R = 0 is solved iteratively through a Newton

scheme, leading to the algebraic system of equations

KJd ( k) .R~ k vk
f e t m+1 element R(diuo , e +ac c (c.6)

with d (k+1) = '•~ d (k) 1 • "•+ l Jd(k) Iand V(k+l) V ,•1 (k) I+ 6v (k)n . The tangent matrix K '(k)--+

is computed as a function of the nodal vectors ,dn+) and v (k) through the standard

finite element assembly of element contributions , each contribution consisting of block
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components KAB for nodes A and B (the indices (k) and n + 1 have been dropped to ease

the notation). We can write

KAs K AKd4 dB KAB
KAB KAB (1.7)
v Kd vv

with each sub-block being the square ndim X ndim matrices

Ks= SB 2C Bnd 1 dB + j n+1/ 2 Cdis, n+1 dB+ -G 1 d13 (I.8)

K As = 1 MAB 1 + A B
At f131nB1/2 D dB, (1.9)

Kvd Mt 1+J Po 76 N Vn+1/2 BB+j W, (I.10)

gKAB =: ½MAs 1 + f5NA NB v, -2 n+--1 B,(.1Vv 7 N A Vn 1/ T BB dB3

13 Vn+1

where the scalar MAB is given by (IV.3.8) 2 and we have introduced the notation

1 21 N lw ++2[N'OcW(Cn+ ± Cn1 ) - W(On) - 1(n)2 I N ® N

v 2 V I 2

2 ',+I2 • ~ N (20 CWc++±

+ 2 c2cW( Cn"2 + Cn) N 2,ccW( 2 Cn)N) (1.12)

Cdiss = v -Y N ® N + 1 k R, (1.13)

GONA NB D -D 72 N VnI 1  (1.14)
I,J=l-Z S xj

Psi = (N 11 , N 22, N 33 , N 12, N 23 , N 13 )T , (1.15)

2 a 2 c 2 At 2 v(1-13) aAt (1.16)

h2 2 a C2 At 173 = 1 -- , 74 = (h + ce At(ý,n vn,•+)) ,(1.17)
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"73 - gdiss 774 (1.18)
Vn + Vn+1 Vn+1 + Vn

V = 21C,•+ - Cnj, h 2 + a c2 At 2 V2  (1.19)

which simplify for the limit case jIC,,+-C 1 l -4 0 to the values Ccons = 2 OCW((C,+I+

Cn)/2), Cdiss = 0 and D = 0. The values h and c in these expressions are defined in

(IV.3.35).

IV.1.3. A symmetric nested iterative procedure

The tangent matrix (1.7) leads to a coupled system of equation on the nodal displace-
ments increment Jd(k) and the nodal velocities increment v,(k) 1A close examination of

the matrix blocks in (1.7) reveals that if the dissipative contributions vanish (that is, if

S= 0, so all the -y's in the previous section vanish), we have the relation

At KAdB = 2 KýAB = MAB1, (IV.1.20)

for nodes A and B, which allows to write the nodal relation

S(k) 2 6d(k) (IV.1.21)

n+1 - At n+l

after noting that PR - 0 due to its linearity in this case. As it is the case in commonim-

plementation of many standard time-stepping algorithms in elastodynamics, this structure

allows the elimination of the nodal velocities increment, leading to the reduced system of

equations
K*(k) 3d(k) k kn+1 n+1 Rd(dn+ 1 (.22)

for the condensed tangent matrix K*(k) obtained by assembling the nodal contributions

AB=2 MAI+yAB
K*AB At2 MAB1 ± Kdd (IV.1.23)

The implementation then reduces to the solution of the algebraic system of ndof equations

(1.22) with the nodal velocity updates (IV.1.21). We can also observe that, even in this

conserving case, the final system of equations is unsymmetric due to the first term in (1.11),

the material stiffness matrix.

To avoid the cost added by the coupled and unsymmetric structure of the equations

in the general case, we propose to stagger the system through a nested iteration that

maintains constant the terms leading to these drawbacks, namely, the dissipative and

conserving contributions. The additive structure of these terms in the proposed methods,
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a structure that has been fundamental in the previous theoretical analyses, becomes now

the key for this efficient numerical implementation. To this end, we rewrite the stress

formula (IV.3.10) as

S = 2,cW(C(,(•+i/ 2 )) + S~on + Sdiss , (IV.1.24)

an expression that accounts explicitly in the first term of the right-hand-side for the stress

approximation in the mid-point rule, given directly in terms of the mid-point deformation

(n+1/2 = (Won+l + SWn)/ 2 . The term ;,on, in (IV.1.24) is then given simply by

Scon := Sons - 280cW(C(Won+11 2 )) , (IV.1.25)

where S 0on, is the conserving approximation to the stress given, e.g., expression (IV.3.13).

The dissipative contribution Sdis in (JV.1.24) is still given by the equation (IV.3.16). The

velocity follows a similar approximation, which we rewrite for completeness as

V = Vn+1 / 2 + gdiss , (IV.1.26)

with gdias defined nodally by the relation (IV.3.19), since Ycons := gcos - V =+1/2 0.
This relation can be written in the notation introduced in this appendix as

Mgdiss = Rv with RV :_/j Po NA g9di ss Vn+/ 2 dB, (IV.1.27)

for each node A = 1, nnode and the scalar gdiss given by (1.5).

After noting that the first terms in the right-hand-side of the stress and velocity

approximations (IV.1.24) and (IV.1.26), respectively, lead to a symmetric tangent, we

consider the rest of the terms (that is, 9cons, Sdiss and gdiss) at a fixed deformation and
velocity fields. With these terms fixed, new deformation and velocity fields are sought

by the iteration defined by the nodal iterative update (IV.1.21) and the ndof system of

equations (1.22), after performing the condensation (IV.1.23) with the stiffness matrix

given in this case by
WA AB A T B .1 G ,AB 1d

gAB - KdB=d f Bn+ / 2 Ccons Bn+1/ 2 dB1+J1 1 dBf, (1.28)

point

instead of (I.11). The symmetry of this expression is to be contrasted with the original

expression (I.11). In fact, this symmetry allows to rewrite efficiently this expression in its

updated Lagrangian form

WAB A-f AT B / GAB
KLd d f _bn+12 c 0ons bn+1 / 2 dB3 + G 1 dB, (1.29)

point
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for the spatial linearized strain operator

N A 0 0
A 0o N;2

b0 0 N;3 for the spatial derivatives (');i (3bA+ l/2 (1.30)
bn+1/2 NA~ 0 NA~ with X~/ ~X)N;A3 0 1 NwihXn+1/2 = (W+l(X) + (Pn(X)),

0 NA NA4

N;2 N; 0 Jn±1/2

and the (symmetric) spatial tangent defined in components
ndir

Cijkl = E FIl Fjj FkK FLL CIJKL, (1.31)
I,J,K,L=1

(i, j, k, 1 = 1, ndim) with the components of the deformation gradient F,,+1/ 2 evaluated at
the mid-point configuration. The geometric contributions GAB in (1.29), defined in (1.19)
can be expressed in terms of the spatial derivatives (1.31)2 as

G AB n•di ONA ONB
EA = .7- , (1.32)

ij1 Ox3

for the Kirchhoff stress tensor 7- FSFT, with the deformation gradient F and the
spatial derivatives in (1.32) evaluated at the mid-point configuration W,+1/2.

The sparsity of the linearized strain operator (1.30) is employed in the actual compu-
tation of the material tangent (1.29), leading to substantial computational savings when
compared with the full linearized strain operator (1.3), as shown by the examples presented
in the next s'ýction. Observe that a similar transformation involving the unsymmetric ma-
terial tangent (1.11) would lead to an unsymmetric tangent (1.31), leading then to a more
costly calculation of the different arrays.

Once this symmetric iterative process converges, the terms 9cons, Sdiss and 9diss are
updated with the newly computed deformation and velocity fields, and the iteration (1.22)
repeated. These nested iterations are taken to convergence. We observe that the update
of the dissipative velocity gdiss involves solving the system of equations (IV.1.27). This
system of equations involves the mass matrix M, a symmetric positive definite banded
matrix and fixed during the entire computation. This matrix is evaluated at the begin-
ning of the solution process for a given problem, and stored after computing its Cholesky
decomposition M = LLT. The calculation of gdi,8 involves then simply one forward and
one backward substitution, after the evaluation of the right-hand-side in (IV.1.27) 2. The
updates of the stress terms ScoTs and Sdi,, are performed readily at the quadrature point
level.
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v (2,-2,0) z Y

". "..430

80

Material Properties
X. = 57.7
91 = 38.4 •
p =8.9

FIGURE IV.1.1 Problem definition: geometry definition, material
parameters and initial conditions. The material parameters correspond
to the Lam6 constants of the compressible Neo-Hookean hyperelastic
model, and the reference density. The three shaded areas have the
initial velocities shown next to them.

IV.1.3.1. Numerical assessment

We present in this section a numerical evaluation of the nested iteration process pro-

posed in the previous section. To this purpose, we consider the example depicted in Figure

IV.1.1 consisting of a three dimensional hyperelastic solid. A compressible Neo-Hookean

model is assumed again; the material parameters are included in this figure, and so is the

assumed initial velocity. We consider the two finite element discretizations depicted in

Figure IV.2.2: a coarse mesh of 56 brick elements with 135 nodes (405 degrees of freedom),

and a fine mesh of 448 elements w:th 725 nodes (2,175 degrees of freedom).

We compare the computational cost of the HHT scheme (a = 0.7), the energy-

momentum conserving scheme (i.e., EDMC-2 with a = 0 with its original unsymmetric

implementation) and the EDMC-2 (a = 1/8) with the proposed symmetric nested itera-

tion. We note that we have chosen this example as being the best possible case for the

HHT scheme, that is, we allow comparisons for large time steps despite the fact that this

scheme has shown dynamic instabilities in this nonlinear range; see Part I of this work.

Figure IV.2.3 depicts the CPU time required in a typical time increment with a relatively

large time step of At = 1.0 for the coarse and fine meshes. The calculations have been

performed in a Pentium III 700MHz desktop personal computer. We have included the

time spent in the assembly process and the solving phase. A direct solver (based on a

Gauss elimination with an skyline storage of the banded matrices involved) is employed,

with the system fitting in the core memory. The total number of iterations (that is, solver

calls) is also included.
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Coarse mesh Fine mesh

FIGURE IV.1.2 Finite element discretizations: coarse mesh (left)
with 56 brick elements and 135 nodes, and fine mesh (right) with 448
elements and 725 nodes.

As expected, the computational cost is dominated by the assembly phase for the

coarse mesh. We can observe the higher cost of the original energy-momentum conserving
scheme when compared with the HHT and the nested EDMC-2 scheme. This difference is
to be traced back to the symmetric nature of the tangent in these two last schemes. This

symmetry allows not only to construct only the lower (or upper) part of the tangent matrix,
but also to calculate this tangent matrix in the updated Lagrangian form (1.29) taking full

advantage of the sparsity of the linearized strain operator (1.30). As noted in the previous
section, a similar transformation for the original energy-momentum scheme would lead
to an unsymmetric tangent, given the evaluation of the linearized strain operator at two
different configurations (B,+i and B,+1/ 2 ); see equation (I.11). These crucial differences
allow to reduce dramatically the cost for the nested EDMC-2 scheme, despite the higher
number of iterations required by the nested iterations.

Figure IV.1.3 includes also the cost in a typical tine increment for the fine mesh with
the same time step At = 1. The solver dominates the total computational cost in this case.
Under these conditions, we observe how the symmetric nested EDMC-2 scheme leads to
a cost of the same order of the unsymmetric energy-momentum conserving scheme. This

is a big improvement over the consistent linearization of the EDMC-2 scheme (case not
shown) which we recall involves the solution of an unsymmetric system of 2 ndof equations.
The original HHT scheme shows the better performance in cost for this time step. We

emphasize again though that we have chosen the best case scenario for the HHT (i.e., with
no dynamic instabilities). Figure IV.1.4 shows the costs measured for the two meshes and

a much smaller time step (At = 0.01). The dominance of the assembly phase in the coarse
mesh remains, but now with a comparable cost for the HHT and EDMC-2 schemes. The
unsymmetric energy-momentum scheme is still the most expensive scheme. For the fine
mesh, perhaps a more realistic situation in typical applications, we observe that the HHT
and the nested EDMC-2 lead to the same computational cost in this case. The energy-

momentum scheme leads again to double the cost given its non-symmetry. We note that
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FIGURE IV.1.3 CPU time for the coarse mesh (left) and the fine
mesh (right) for a time step of At = 1.0.
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FIGURE IV.1.4 CPU time for the coarse mesh (left) and the fine
mesh (right) for a time step of At = 0.01.

the total number of iterations is the same for all the schemes with this time step.

We conclude this study comparing the accuracy of the different schemes. Figure IV.1.5
depicts the Euclidean norm of the displacement error (IV.4.4) at a final time of T = 160
versus the time step At. The error is measured with respect to the reference solution
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FIGURE IV.1.5 Convergence plot: displacement error versus time
step At. A slightly better accuracy of the dissipative/conserving meth-
ods when compared with the the HHT scheme can be observed.
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FIGURE IV.1.6 Convergence plot: displacement error versus CPU
cost. A better performance can be observed by the HHT at larger
time steps (in this case where no instabilities appear), with the dissi-
pative/conserving schemes improving in performance for smaller time
steps when the proposed symmetric, nested iterative procedure is con-
sidered.
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obtained with the energy-momentum conserving scheme and a time step of At = 0.001.
The coarse mesh is considered. Figure IV.1.5 shows the evolution of this error versus the
time step At itself. Note that the reference solution corresponds to a time step size of
one order of magnitude below the smallest time step shown. The slope of the curves in
the considered double log scale confirm the second order accuracy of all the schemes. The
EDMC-2 and conserving schemes show a slightly better accuracy for a fixed time step At
when compared with the HHT method, but the performance is very similar overall in this
example.

Figure IV.1.6 depicts the evolution of the same displacement error norm but versus
the total CPU time (in s). Confirming the results obtained before for a single time step,
we observe a better performance of the HHT scheme for large time steps At. We note
again that this scheme may lead to dynamic instabilities (i.e., unbounded energy growth)
in general. These instabilities have been observed for large time steps. We refer to the
complete analysis presented in Part I for this scheme, where the lack of momentum con-
servation (for any step size) was found to be even more conserving that the numerical
instabilities themselves. The newly proposed symmetric nested EDMC-2, including the
nested form of the energy-momentum scheme, leads to a better performance for smaller
time steps, improving even on the original HHT scheme.

We have also included in these plots the results obtained with the original unsymmetric
implementation of the energy-momentum scheme and a fully coupled implementation of the
EDMC-2 based on its consistent linearization. The significant improvement in performance
gained by the proposed symmetric nested iterative procedure is apparent, which makes
us conclude its appropriateness. We claim then that the significantly improved energy
stability and momentum conservation properties of the newly proposed methods, including
the controlled high-frequency dissipation, all rigorously proven in the nonlinear range, come
with a computational cost of the same order of existing methods.
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An ALE Finite Element Method for
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Armero, F. & Love, E. [2000] "An Arbitrary Eulerian-Lagrangian
(ALE) Finite Element Method for Finite Strain Elastoplasticity and
Viscous Fluids," to be submitted to International Journal of Numer-
ical Methods in Engineering.
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V.1. Introduction

The Arbitrary Lagrangian-Eulerian(ALE) formulation of continuum mechanics was

intially developed to circumvent the limitations of pure Eulerian and pure Lagrangian

formulations. In particular, the fundamental idea is to allow the computational mesh to

move in an arbitrary manner independent of the physical material motion. By using this

approach, the severe mesh distortion of a pure Lagrangian formulation or the complicated

boundary tracking of a pure Eulerian formulation can be avoided. Two review papers

which discuss the general notion of ALE formulations are BENSON [1989] and BENSON

[1992].

Within the context of fluid mechanics, the ALE approach has been used recently

by VENKATASUBBAN [1995]. HUERTA k: Liu [1988] and CHIPPADA, RAMASWAMY &

WHEELER [1994] have considered fluid mechanics problems with free surfaces. Another

important area of research is fluid-structure interaction. The reader may consult No-

MURA [1994] and NOMURA & HUGHES [1992] for more information. The ALE formulation

has obvious appeal in these classes of problems. However, in this work we are primarily

interested in non-linear solid mechanics.

A considerable amount of work has been done within the field of non-linear solid me-

chanics. Authors have considered rolling problems (Hu & LIu [1993], Hu & Liu [1992]),

metal forming and plasticity problems (GHOSH & KIKUCHI [1988], GHOSH & KIKUCHI

[1991]) and contact problems (GHOSH [1992]). An important area of research is the numer-

ical simulation of localized failure in solids (GHOSH & RAJU [1996], PIJAUDIERCABOT &

HUERTA [1995]). The paper of HUERTA & CASADEI [1994] provides a good general review
of ALE formulations in solid mechanics.

Other researchers have considered what is known as adaptive remeshing. In this

strategy, an entirel- new mesh is generated for the problem once the existing mesh is

judged unsuitable fhe new mesh is entirely unrelated to the previous mesh, except

of course for preservation of the boundary. In a general sense, the adaptive remeshing

approach and the ALE approach may be considered related. Much of the work in adaptive

remeshing can be found in the papers of CAMACHO & ORTIz [1997], LEE & BATHE [1994]

and ORTIz & QUIGLEY [1991].

We propose in this work an ALE formulation relevant to solid mechanics. In particular,

we consider the numerical simulation of finite strain elasticity and plasticity. Unlike much

of the previous ALE performed, the approach here is fully implicit. RODRIGUEZ-FERRAN,

CASADEI & HUERTA [1998] have recently discussed both explicit and implicit solution

strategies for the ALE problem, but for the so-called hypoelastic models of elastoplasticity

in rate form. The interest in this work, however, lies in the consideration of multiplicative

models of plasticity, rather than rate models, involving a hyperelastic relation in particular.

The present formulation is based critically on the work of YAMADA & KIKUCHI [1993].

In that paper, the authors consider an implicit ALE finite element method for elasticity
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problems. The general basis of the formulation is that the physical particle motion is a

composition of two mappings, a mesh motion and a material remap. The authors present

only a fully coupled solution strategy; namely, The equilibrium equations couple the mesh

motion and material remap. The consideration of purely elastic models in the quasi-static

limit, however, simplifies considerably the problem, since the material remap do not imply

the advection of any internal variables as it is the case in elastoplasticity, the focus herein.

We develop in this work the complete treatment of multiplicative finite strain elasto-

plasticity in this context involving a direct solution of the material map. In particular, the

direct use and interpolation of this ma-ping, in contrast with alternative ALE approaches

for finite strain elastoplasticity, leads to a considerable simplification of the advection of

internal variables. In fact, this advection can be accomplished by an exact simple particle

tracking, without the need of complex approximations of the pure advection equation. This

particle tracking is efficiently accomplished by the use of the appropriate description of

the reference mesh through its connectivity graph. We develop these ideas in the context

of a staggered strategy for the solution of the equations. A Lagrangian step is followed

by a material remap calculation followed by the aforementioned advection based on this

computed material remap. The proposed procedure shows to be, in particular, a very

efficient strategy in its computational cost. Remarkably all these developments apply to

the solution of contained fluids flows as a particular case through the consideration of a

rigid-viscoplastic model. In fact, this approach leads to novel integration algorithms in

Lagrangian treatments of fluid problems in this context.

An outline of the rest of the paper is as follows. Section V.2 summarizes the continuum

equations of the ALE approach, including a brief description of multiplicative plasticity

in Section V.1.2 as considered in this work. Section V.3 describes the general approach

proposed herein for the solution of the ALE equations. In particular, we describe the

algorithms considered for the material re;map based on a measure of the mesh distortion.

The proposed treatment for the adv'xion of the plastic internal variable is discussed

in Section V.4. Section V.5 develops the application of the previous developments to

the case of viscous fluids. We present in Section V.6 several representative simulations

depicting the performance of the proposed approach. Concluding remarks are included in

Section V.7. Finally, we present in a series of appendices several details of the considered

implementation. More specifically, Appendix V.2 summarizes the specific constitutive

models considered in the numerical simulations of Section V.6, Appendix V.3 presents a
summary of the finite element equations.

V.2. Continuum Equations of the ALE Formulation

There are many references on the kinematics and dynamics of ALE continuum me-

chanics. The equations we will discuss can be found in papers such as HUERTA & CASADEI
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FIGURE V.2.1 ALE Kinematics

[1994], BENSON [1989], YAMADA & KIKUCHI [1993] and GHOSH & KIKUCHI [1988]. Some

other possible references are listed alphabetically in the bibliography of this report.

V.2.1. ALE kinematics

Firstly, assume there exists a fixed reference (computational) domain M independent
of any physical motion of the body. There also exist two additional domains denoted
by DO and 9, which are the material and spatial configurations of the physical body,
respectively. The physical particle motion is given by the Uie parameter family of dif-
feomorphisms Wt : f20 -+ Q. The subscript t represents time. Assume there exist two
additional diffeomorphisms Xt : M -+ DO and ipt : M -+ 2 which relate the material
and spatial configurations to the reference domain. By this construction, Wpt = "Pt o Xt- 1 .
Setting Xt = id, so that Wt = ipt, is known as the Lagrangian formulation and is com-
monly used in solid mechanics. Setting Pt = id, so that Wot = Xt, is known as the Eulerian
formulation and is commonly used in fluid mechanics. We, of course, are interested in the
case when neither mapping in necessarily the identity. Figure (V.2.1) is a helpful visual
representation of the present discussion.

Define the tangent maps FV, := Dot and FX := DXt. The physical deformation
gradient is defined by F := Dsot. By application of the chain rule, we have the important
relationship F = FOFX-1. If one assumes fixed cartesian coordinate systems for each of
the three domains, further developments can be simplified. Let points in M be denoted
by their position vector m. Let points in 20 be denoted by position vector X. Let points
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in !2 be denoted by position vector x. Given this, it is possible to then write

O0 x ax (V.2.1)

Fx (V.2.2)
Xam

ax

F = ax (V.2.3)
ax*

Define the Jacobians J := det(F), Jp := det(Fo) and JX := det(FX). Next, noting that
ine may view x as a function of X and t, define the physical particle velocity as

Ox(X, t) _0x

v-. .. (V.2.4)at ýtX

where the introduced notation means the derivative of the position x with respect to time
t while holding the position X fixed. This notation is often used in the literature and we
shall adopt it henceforth here. Of course, x may also be viewed as a function of m and
time t. Define the mesh velocity as

Ox(m, t) _ x
Vm: t - (V.2.5)v,•.- at -"at L

where again use is made of the newly introduced notation for the derivative of the position
x with respect to time t while holding the position m fixed.

V.2.2. Material derivative

It is now possible to develop useful expressions for what is commonly referred to as
the material derivative. For notational convenience, define

GRADm[.] := m[-] (V.2.6)am

GRADX[.] := a[-] (V.2.7)
O.X

and

gradx[] : [.] (V.2.8)ax

Let f be a smooth scalar valued function defined on 020. We may write

f(X,t) = f(m(X,t),t) f(m,t). (V.2.9)
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The material derivative of f, f, is defined as the derivative

f- f(X,t)t - ft (V.2.10)

Using the chain rule, write

SOf+GRAD [] Om(X,t) (V.2.11)

For convenience, the tilde notation is dropped and the above simply written, consistent
with the new notation,

] fm +t x (V.2.12)

Using the above results alternative expressions can be developed for the material velocity
v. We may write

V = Vm + Fre _9 X (V.2.13)

which results in
Omt_
at = FO- 1 (V - Vm). (V.2.14)

Making a substitution into (V.2.12) yields

= Of + GRADm[f]. F-'(v - vm). (V.2.15)

at m

Noting that, by simple use of the chain rule,

(GRADm[f])FO- 1  gradx[f] (V.2.16)

equation (V.2.15) becomes

mf +gradx[f].(V-Vm). (V.2.17)

This is the classical relationship between the material time derivative, the referential time
derivative and the spatial derivative. It will prove useful in the development of the ALE
balance laws.
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Finally, consider the material derivative of the material position vector X. This
produces the equation

X = 0 X + GRADm [X] (V.2.18)
aIt mat X*

Noting Equation (V.2.2) the above may be rearranged. This produces the desired results

amt X F Xt m" (V.2.19)

and

f _GRADm[f] . FX_-1 [ (V.2.20)
at mat m*

This equation will prove useful in subsequent developments involving implementation of
plasticity within an ALE context.

V.2.3. The balance laws

i. Conservation of mass. The Eulerian form of conservation of mass may be written

±+ pdivx[v] = 0 (V.2.21)

where p is the mass density and div.[.] is the spatial divergence operator. Using the result
in (V.2.17), this eeuation can be rewritten as

+ grad.[p]. (v - vy) = -pdivx[v], (V.2.22)
at m

showing explicitly the advection of the spatial density.

ii. Balance of linear momentum. The Eulerian form of balance of linear momentum
may be written

pii = div[o]] + pb (V.2.23)

where o- is the Cauchy stress tensor and b is the body force density. Again, using the
relationship for material derivatives, we can rewrite the equation (V.2.23) as

p- + p(gradx[v])(v - vM) = div,[oi ± pb. (V.2.24)
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Some of the simulations presented in this paper consider the quasi-static approximation
defined by the simpler equation

divx[jr] + pb = 0, (V.2.25)

avoiding the need of considering the advection of the velocity v (or, equivalently, the linear
momentum pv) in (V.2.24).

Remark V.2.1 There exist equivalen't alternative equations for the above balance laws.
The laws can be written with respect to the reference domain and can also be expressed in
what is known as conservation form. It will not be necessary to discuss these alternative
representations for the quasi-static problems considered herein. The reader may consult,
for example, BENSON [1989] for the conservation forms of the equations. A more detailed
derivation of the ALE balance laws can be found in GHOSH & KIKUCHI [1988] El

V.2.4. Boundary conditions

Along the boundary of the domain, kinematical and dynamical boundary conditions
must be defined. Assume the boundary o9Q admits the decomposition 102 = F, U Ft where
Fv n Fr = 0. Additionally,

v = ý on F, (V.2.26)

n= ton Ft (V.2.27)

where ýU are prescribed velocities, t are prescribed tractions and n is the outward unit
normal to the spatial domain. There is an additional boundary condition if some part of
the boundary is a material surface. Thc appropriate boundary condition is

(v - Vm) . n = 0. (V.2.28)

It will of some benefit to derive an alternative equivalent form for this boundary
condition. Let Nx denote the outward unit normal to the boundary of the material
domain 0o. Let F C M2 be an open subset of the boundary of the spatial domain and let
Fo = W-p(T) C Omo. First, we note from equation (V.2.13) that

Smv = F0--9t .(V.2.29)

Using equation (V.2.19), this may be rewritten as

v - vn =-FaFx-1  = -F aX (V.2.30)
X -t m m
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Now, we may write

0 = j(v - v,,i) n dF

Fr 9X n I
S- j -m F ndF

aOx
-- I-/t .•FTn dF

=- J -0  • FTJF-TNx dFo

= - M JNx dFo (V.2.31)

where the well known transformation (Nansen's Formula) for deforming area elements has
been used. Since the above must hold for all open F and thus for all open P0, it must be
that

ax JNx 0 (V.2.32)
at

pointwise. Since J > 0 this reduces to

at Nx =0 (V.2.33)

This form will prove more useful for future numerical implementation.

V.2.5. Weak formulation

Let r7 be a kinematically admissible virtual displacement field defined on f20. In the
present context, every choice of q can be characterized by

r7 = 60 0 X-' (V.2.34)

where JO is a kinematically admissible virtual displacement field defined on M. Let 0
and p represent kinematic volume and stress resultant pressure variables, respectively.
Additionally, let 60 and 5p be admissible variations of 0 and p, respectively. Solving the
equilibrium equation, along with compatibility equations for 0 and constitutive equations
for p, is weakly equivalent to the following set of equations:

fs gradx[71] : [dJ' + pJ 1] df2 = Pezt(rq) (V.2.35)
S0
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J1 0 [J 0 1 3 ] dQ0 = 0 (V.2.36)

Jo p (J - 0) df2o 0= . (V.2.37)

11dev is the rank four deviatoric projection tensor defined by Idevt : t - ½trace(t)1 for

any rank two tensor t, not necessarily symmetric. F is the Kirchhoff stress, computed as

a function of

(uo, uX,0) :- 0j , ) F(u¢, uX). (V.2.38)

Pe., represents external loading.

Remark V.2.2 Within the context of finite strain elasticity, the above equations can

be viewed as the variation of an energy functional. Assume that the external loading on

the body may be characterized by a potential function H.,t. Let W(F) be the isothermal

free energy function defining the elastic response of the material. Proceeding, define the

potential energy for the problem as

ll~g,,yOP) S2J [W(P) + p(J - 0)] df20 +Hex.t. (V.2.39)
0

This three field expression can be found in SIMo, TAYLOR & PISTER [1985], and has been

discussed more recently in SIMO & TAYLOR [1991]. A computation of the first variation

of the above generates the system of three equations stated above. E

V.2.6. Multiplicative plasticity

The goal here is to introduce a formulation for isotropic plasticity at finite strains

within a three-dimensional context. The discussion follows very closely the presentations

in SIMO & MIEHE [1992] and SIMo [1992]. Also, many of the standard and well known

results concerning isotropic tensors and isotropic tensor functions can be found in the

appendix of GURTIN [1981].

Let & be the isothermal elastic domain, defined in the spatial configuration of the

body as

: {(r,q) E JR' 0(r,q) <_ 0} (V.2.40)

where r is the Kirchhoff stress and q is a scalar stress-like isotropic hardening variable. The

scalar valued function 0, assumed convex, is commonly referred to as the yield function.
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The principle of invariance under superposed rigid body motion restricts 0 to be a isotropic

function of -r. Invaxiance requires that

¢(QTQT, q) = 0(r,q) VQ E SO(3). (V.2.41)

We decompose the deformation gradient into elastic and plastic parts via the multi-

plicative split F = FeFP. For subsequent developments, define two strain measures

GP := [FPTFP]- 1  (V.2.42)

and
be FFe. (V.2.43)

The relationship
be FGPFT (V.2.44)

will prove useful for later developments. Set

JP det[Fp] - (det[GP])1/ 2  (V.2.45)

and
je := det[Fe] (det[be])l/ 2  (V.2.46)

so that J = JCJP. Finally, time differentiation of (V.2.44) gives

be = lbe + belT + £v be (V.2.47)

where 1 := FF-1 is the spatial velocity gradient and £vbe := FGPFT is called the Lie
Derivative of the elastic left Cauchy-Green tensor be.

Additionally, and consistent with the assumption of isotropy, we assume the existence
of an isothermal free energy function W(be, ý), where ý is a scalar strain-like isotropic
hardening variable. The function W is often referred to as the strain energy density
function. This function must also satisfy the invariance requirement

W(QbeQT, ) = W(be, ) VQ E SO(3). (V.2.48)

The equations for this general plasticity model take the form

1. Hyperelastic response defined by free energy function

OW e2 := e 2• b .(V.2.49)
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2. Associative Evolution Equations :
- -1 ao -= 6P ==, • -2A, F-1 0

.C := -y~beG( [ F) GP, (V.2.50)

A€ (V.2.51)

3. Kuhn-Tucker Conditions

A > 0 ¢(Qq) < 0 Aq$(i-, q) = 0, (V.2.52)

where A is the consistency parameter.

The previous flow equations have an alternative form within the ALE context. Using
equation (V.2.20),the flow rule for GP may be rewritten as

tm - GRADm [GP]• FX- 1  mX -2A Or F) GP (V.2.53)
19t I-M -F- [t•] ý) (v..5

The hardening law for ý has a similar form.

Remark V.2.3 An important property to note concerning the flow rule is that for
pressure insensitive yield criterion, the plastic volume JP is conserved. This is shown

simply as follows.

jejp = j_ jPje

= Jtrace[d] -2 jPJ b e

= Jtrace[d] - IgJb : (lb' + bV + Cv-be)

= Jtrace[d] - Jtrace[d]- J- 1vbe:
2

= JA [ e : be-b

= JA trace [90

= 0 (V.2.54)

assuming that the normal to the yield surface is traceless. This will be the case for the
classical von Mises yield criterion based on the deviatoric part of the Kirchhoff stress
tensor. This also implies that det[GP] = 0 and thus det[GP] = 1.
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V.3. A Staggered Approach to the ALE Problem

We develop in this section a staggered method for the solution of the ALE equations,
involving a separate solution of the material and spatial deformation mapping. This strat-

egy is especially convenient for the treatment of the advection of internal variables in the

context of elastoplasticity, leading to computationally atractive methods. Section V.6 in-

cludes also purely elastic numerical examples treated with a fully coupled solution of the

material X and spatial 4 deformation mappings. The absence of any advection of internal
variables simplifies considerably the problem.

V.3.1. The discrete equations

The continuum equations summarized in the previous section are discretized in space

and time using standard techniques in the context of the finite element method. Appendix
V.3 summarizes the mixed finite element implementation considered in this work.

The temporal discretization considered corresponds to the standard Newmark formu-
las, in terms of the algorithmic parameters 'y and ,3,

Ma(X, t.,+) + fit(x(X, tn+) = fext,,+•

x(X, t+ 1 ) = x(X, tn) + Atv(X, tn+1 ) + ½At2 (2,8a(X, tn+1) + (1 - 2/))a(X, tn))

V(X, t 1 ) = v(X, t,)+ At (-ya(X, t + 1) ± (1 - -y)a(X, t,))
(V.3.1)

for the material acceleration a(X, t) and velocity v(X, t) fields, and the spatial position
x(X, t) = 4b(X, t). The nodal internal and external forces, corresponding to the two terms
in the right-hand side of (V.2.23) have been denoted fAt and fext, respectively, with M
referring to the mass matrix of the ar-afmed finite element interpolation. A typical time
step [tn, tn+1 ] has been considered. The dependence on the material particle X has been
indicated in these expressions to emphasize its constancy, reflecting their nature as material
time derivatives. Therefore, the different fields at tn and tn+1 correspond to different mesh
points in the ALE context, requiring then their advection as the following sections.

V.3.2. The global approach

The global approach can be easily outlined as follows. Assume that all variables are
known at time step n. This includes the positions X, and xn, the mixed fields pn and

On and the internal variables GP and en. The solution strategy proceeds in the following
steps :

1. Perform a chosen number of pure Lagrangian steps. Hold uX fixed and solve for up,

p and 0. For an associative flow rule model of plasticity, such as the one considered
herein, the tangent matrix for this step is symmetric.
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2. Perform mesh smoothing and advection :

2a. Hold up fixed. Choose ux to minimize mesh distortion. This will define X,+,.

This step is discussed in Section (V.3.4).

2b. Having defined X,+,, advect plastic variables to define the new trial state, and

the spatial positions, velocities and accelerations appearing in (V.3.1) for the
dynamic case. This step is discussed in Section (V.4).

2c. Hold uX fixed. Having determined the new trial state, solve for uo, p and 0.
This is an equilibrium correction which is necessary since we have changed uX.

3. Return to Step 1.

A discussion of the strategies for mesh smoothing and plastic variable advection is presented

next.

Remarks V.3.1.

1. The above approach is also applicable to finite strain elasticity. In such a case, simply
omit step 2(b) above for the plastic variables.

2. It may not be necessary to perform step 2c. One may simply skip to step 3 and carry
any unbalanced forces on to the next load step. El

V.3.3. Mesh distortion measures

The first objective is to measure the distortion of the spatial mesh. To this puprpose,
define

F := J- 1 / 3 Fp. (V.3.2)

Let
be: FpF T and F T F (V.3.3)

Both ODDY, GOLDAK & BIBBY [1988] and SARRATE [1996] have suggested using

Wd(F¢p) := 1Idev beAI 2 = jldev 07P112 = dev bo : dev bo (V.3.4)

as a measure of mesh distortion, where dev[-] := [.]- 1/3(trace[.])l. Note that Wd as
defined is simply an example of a properly invariant stored energy function. In fact, one
could use this function to determine the stress response for a finitely elastic material.

With this fact in mind, any properly invariant scalar energy function can be used to
measure mesh distortion. The only requirement would be that the function be indepen-
dent of volumetric distortion. Purely volumetric deformation is not a factor in element
distortion. Thus the requirement on the function Wd is that

Wd(A) = Wd(AA) VA > 0 VA such that det(A) > 0. (V.3.5)
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Any invariant function Wd which depends only on F, is an admissible choice.

Remark V.3.2 It is possible to choose, for example, a Neo-Hookean or Mooney-Rivlin
response function. Another possible choice is a logarithmic stretch model of elasticity such
as the one used in our J2 model of plasticity. In these cases, we would simply set the
volumetric energy parameter to zero. I]

V.3.4. Mesh smoothing (determination of X)

We discuss in this section the implementation of step 2a above. This involves choosing
ux so as to minimize spatial mesh distortion as defined by a scalar energy function Wd.

Assume step 1 above has been performed. We now have a spatial mesh distortion F4 , , a

material remap FX and most importantly the physical deformation F := FF Note
that

FO = FFx. (V.3.6)

Now, holding F fixed, minimize

d(Fx) fm Wd(FFX) dM. (V.3.7)

The minimization of this functional requires the determination of uX.

We define

Oe F FT (V.3.8)

F, F4 F~X

The first variation ( weak form) of equation (V.3.7) is

5Hd=J FTr4  : grad.i7 dM = 0 (V.3.9)

where 77 is a kinematically admissible virtual material remap displacement field defined on
M.

V.4. An Advection Method Based on Particle Tracking

We discuss in this section a procedure for the advection of the internal variables due
to the material motion. To this purpose, we first rewrite in Section V.4.1 the problem in
the classical form of the pure advection equation. Section V.4.2 summarizes some general
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properties of this equation as well as its numerical treatment through the classical method

of characteristics; see PIRONNEAU [1989], page 75, for details. The availability of the actual

material mapping in our case of interest identifies a related but much simpler approach to

the integration of the advection step. These ideas are developed in Section V.4.3.

V.4.1. Plastic variable advection

Consider the plastic internal varible GP. Noting equation (V.2.53), the evolution

equation for GP is

GPt - GRADm [GP]• FX-1 ( r 2A F-1 -] F) GP (V.4.1)

During the advection step, one must transport GP by solving the above with zero right
hand side (A = 0). More precisely, the advection equation to be solved is

OGP m GRAIm [GP] FX 1 a = 0. (V.4.2)

atmLat M

The same equation is used to determine advected values of ý and any other internal vari-

ables. Define
.1 a__

a := -FX at (V.4.3)

With this notation, equation (V.4.2) reads

OGP + a . GRADm [GP] = 0, (V.4.4)
Ot rm

corresponding to the pure advection equation. We discuss next a general treatment of this
equation.

V.4.2. The pure advection equation

The considerations in the previous secion led to the consideration of the equation

d-r(m, t) + a(m, t) . GRADmq$(m, t) = 0 (V.4.5)
dt

on the fixed domain M during the plastic variable advection step. The variable € may
represent the components of the plastic strain GP, for example. In the above, t is time, a
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is the advection velocity and GRADm is the standard gradient operator. Let X(r), with

-r a scalar time-like variable, be the solution of

= a(X(r),r) (V.4.6)

subject to the condition X(t) = m. Given that a is the velocity of the material particles,

X is the trajectory of the material particle that passes m at time t. Since X depends

on the parameters m and t, we denote the solution by X(m, t; r). This solution is often

referred to as the "characteristic" of the hyperbolic equation (V.4.5).

The important result of the above can be obtained by application of the chain rule

dr ( X(m,t;r),r) = dq0(m, t) + a. GRADmq(m, t). (V.4.7)
d7- t=_ dt

Then equation (V.4.5) can be written

dTd (v.4.8)

when defined on the domain D2o of material particles X as defined by the mapping of

equation (V.4.6). The physical interpretation of this is simple : € is temporally constant

along the path of a given material particle X. In other words, 0 is transported along

the "characteristics" X of the advection equation. If it is possible to track the material

particles X, this will lead easily to determining advected values of €.

Remarks V.!4..i.

1. As indicated in Section V.3.1, the velocity and acceleration fields require also to be

advected in the dynamic case. The above development apply to these cases with
0(-) denoting each component of these fields. To this purpose, the nodal values are

considered, that is, m refers to a node in this case, with the corresponding nodal
values of these fields defining their conforming interpolations.

2. Recall that X is actually given by the material remap X, and that the velocity a is

actually computed from X, rather than converse which equation (V.4.6) implies. In
our case, a is defined by (V.4.3). Nevertheless, the previous arguments are still valid.

V.4.3. Numerical particle tracking
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One approach to solving equation (V.4.5) numerically is the Euler scheme

0(m, t + At) = O(rf, t) (V.4.9)

where
mf := m - a(m,t + At)At. (V.4.10)

In the above, t denotes time as before and At is the numerical time step. This is a backward
particle tracking technique. Higher urder accurate approaches are also available. The
above technique is reviewed on pp.84-90 of PIRONNEAU [1989]. This method is obviously
not exact. The backward tracked particle locations ff are only approximate unless a is
spatially and temporarily constant. In our case, this approach can be written as

ffn = m + Fj 1 (m, t) Aux (V.4.11)

where AuX is the displacement increment to the material position X (see Appendix V.3.1).

We shall not use the Euler scheme just presented. We are already tracking particles
exactly. The finite element displacement field uX is exactly the motion of the material
particles X relative to the fixed mesh coordinates m. Thus the chosen advection technique
is to solve for ?il by solving the material particle tracking equation

X(ffi, t) = X(m, t + At) (V.4.12)

where X is the material particle locations in S20 . This equation can be rewritten (see
Appendix V.3.1)

[±i + uX(fi,t + At) = m + uX(m,t). (V.4.13)

Having determined fii, the advected scraar field may be computed by

cadvected(mn) = Ounadvected(m). (V.4.14)

This must be done at each quadrature point m of the mesh after the smoothing step has
determined new values of Aux.

Equation (V.4.13) is non-linear. There exist at least two possible ways to solve it. The
first is a simple fixed point iteration. To this purpose, equation (V.4.13) can be rearranged
as

fn= rm + uX(m, t) - ux(fii,t + At). (V.4.15)

The above equation is now in the form of a fixed point iteration for fh. Alternatively, one
can use Newton's method to solve the residual equation

r(fi) := [fh + ux(ff,t + At)] - [m + ux(m,t)] = 0, (V.4.16)
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FIGURE V.4.1 Particle tracking. Computation of in

a rearrangement again of (V.4.13). In this case, the tangent at each Newton step is given
by

Or = Oux(m, t + At) =FX(ff, t + At). (V.4.17)

--- aIOm m=mh

In principle, the convergence of the fixed point iteration is only linear. The convergence
of Newton's method is quadratic. In all of the numerical simulations, Newton's method is
used. No problems have been noticed in the convergence of this approach.

V.4.4. Additional practical considerations

One issue is how to determine which element contains the new point ?ih. This determi-
nation must be performed at every Newton step until convergence is achieved. Given that
each element is a convex set (otherwise negative Jacobians are detected), the inside/outside
check is not difficult. Simply check the components of the new point with respect to a
tangent/normal coordinate system originating at the midpoint of each element side. The
normal component must be negative for the point to be inside the element. See Figure
V.4.2.

The issue of the order in which to check the elements is more important. One could
simply loop over all the elements starting from element one, performing the inside/outside
check for each element. This "bucket search" is clearly inefficient. The most probable
situation is one in which the new point rf is inside an element which in geometrically close
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FIGURE V.4.2 Quadrilateral finite element as a convex set

to the original element containing the quadrature point at position m. With this in mind,
we have chosen to determine the order for checking by using a breadth first search of the
element connectivity graph.

A third issue is that of local interpolation for the plastic internal variables. In all
probability, the new point ri will not be a quadrature point. Thus it is necessary to
interpolate for the the internal variables locally at the element level. We could of course
project the quadrature point values onto a continuous interpolation defined by the natural
coordinate basis functions {1, L 1 , L 2 , L 1L 2} defined on the parent domain [-1, 1] x [ -1, 1].
A discontinuous interpolation is also possible. Note that in each of the subdomains I - 1, 0] x
[-1, 0], [0, 1] x [-1, 0], [0,1] x [0, 1] and [-1,0] x [0, 1] there is one quadrature point. See
figure (V.4.3). Define the interpolation as constant over each of these subdomains, equal
to the value at the quadrature point which the domain contains. Since the interpolation
is locally constant the constraint det GP = 1 will be preserved.

Having defined an interpolation in terms on the natural coordinates of the element, we
need to determine the natural coordinates of the point whose mesh coordinates are rii. Let
ih (L1, L2) represent the mapping from the domain [-1, 1] x [-1, 1] to the physical domain
of the element in question. The following problem needs to be solved : find (L 1, L 2) such
that rlh(L 1 , L 2) = rfi. If the element is a parallelogram, this problem will be linear. In
general it is non-linear. It can be solved using Newton's Method, a standard approach
for non-linear problems. A reasonable initial guess for (Li, L2 ) is (0, 0). LEE & BATHE

[1994] have used Newton's method to solve this same problem, referring to it as the inverse
isoparametric mapping technique.
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FIGURE V.4.3 Local Interpolation on Quadrilateral Element

Remark V.4.2 In the absence of advection, i.e. AuX = 0, this approach is exact at the

quadrature points. fl

V.5. Applications to Viscous Fluids

The previous developments extend easily to the ALE treatment of viscous fluids.

Classical Newtonian and non-Newtonian fluid models can be obtained as a particular form
of a viscoplastic regularization of the elastoplastic models discussed in Section V.2.6. This
is summarized in Section V.5.1 below. The ALE treatment of the resulting equations lead
to the new integration algorithms presented in Section V.5.2

V.5.1. Rigid-viscoplastic laws

The yield condition (V.2.52) 2 defines a constraint on the stresses r- and hardening

variables q, leading to a constrained set of equations. This constrained character can be

eliminated through a penalty regularization by which the Kuhn-Tucker loading unloading

conditions (V.2.52) are replaced by the equation

A- g(), (V.5.1)
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for the viscosity parameter 77 _> 0 and the viscosity function g(x) (monotonically increasing,
with g(x) = 0 for x < 0). The equation (V.5.1), usually known as the Perzyna viscoplastic
regularization (see SIMO & HUGHES [1998]), defines a direct relation between the rate of
plastic strain (measured by the consistency parameter A) and the stress state (measured
by the stress function 0(r, q)). The constrained case defined by the relations (V.2.52) is
recovered in the inviscid limit 7 -+ 0.

A common example of yield function 0(4r, q) is provided by the von Mises yield function

(7r, q) = [dev -[[- 2V q(•) (V.5.2)

for the deviatoric part dev(r) of the Kirchhoff stresses and the hardening law q(c), q(0)
o, the initial yield limit. See (11.7) in Appendix V.2 for a particular example. Hence,
the value of a, = 0 corresponds to a material that yields initially for any level of stress.
For the case of no hardening q =_ 0, the material always yields upon following the viscous
relation (V.5.1) as in the case of a fluid. In this situation, and assuming an incompressible
response (i.e., J = J' = 1), no elastic strains appear, so

Fe=1, b'=1 ==ý FP=F, CP=C, (V.5.3)

characterizing a rigid-viscoplastic material or, in other words, a viscous fluids.

General non-Newtonian laws are ecompassed in the general relation (V.5.1). A clas-
sical Newotian fluid is recovered, in particular, by the linear viscoplastic relation

0_ 1
-=Idevrl, (V.5.4)
77 7

in combination with the Mises yield function (V.5.2). Noting the relation

oq$ devr (V.5.5)
,9r Idev rl(

for this case, the flow rule (V.2.50) reads

GP =_-C-16C-' =_-2 11devrHIF dev-r F-C_1
77 11 devrjl

or, equivalently,

d = devr, (V.5.6)
77
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after using the relation C = 2FTdF for the strain rate tensor d = sym(gradv). We

recover then the constitutive relation

0- = 7- = -p1 + rq sym(gradv), (V.5.7)

of an incompressible Newtonian fluid for the Caucly stresses o- = r/J and the pressure

field p imposing the incompressibility constraint J = 1.

V.5.2. Integration algorithm

The developments in the previous section corresponds to a Lagrangian formulation of

an incompressible Newtonian fluid, identifying it as a particular case of a rigid-viscoplastic

model. The general return mapping algorithms considered in the Lagrangian step applies
to this case. In particular, the consideration of the exponential mapping to equation
(V.2.50) reads

GP+1 = exp[-2AF--F' a F] GP, for AA = AAt, (V.5.8)
L~i I• n+1

in a typical plastic step [t,•+, t,,] with At = t,+1 - tn. As it is common practice, a
plastic step is detected by the trial condition ¢(Trtrial , q,) > 0 for the trial stresses Ttrial

-r(Fn+±, GP) (that is, by the current strain at fixed plastic internal variables).

For the particular case of the viscous incompressible fluid considered in the previous

section, the discrete equation (V.5.8) simplifies after some algebraic manipulations (using
A= to

dev'7, l= 27 log [f fT (V.5.9)dev.+ =2At

for the incremental deformation gradient

f := Fn+±Fj, (V.5.10)

between the total deformation gradients at t, and t,++. Note that in this case no trial state
is required since a viscoplastic always occurs. The integration formula (V.5.9) defines a new
objective integration of Newtonian fluids in the Lagragian setting. It has the important
property that the right-hand-side is strictly deviatoric (note that det f = 1).

We consider in our numerical implementation a penalty regularization of the incom-
pressibility constraint (e.g. p = ju'(J) for a general volumetric function U(J)) with an

Augmented Lagrangian treatment to impose exactly this constraint, if desired. All the
developments presented in the previous sections in the formulation of the proposed ALE
technique apply to this case. Section V.5.4 illustrates the improvement obtained with its
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FIGURE V.6.1 Impact of a circular bar. Reference mesh. Only half
of the specimen is discretized with 7 x 32 Q1/P0 mixed finite elements,
with axisymmetric conditions.

consideration in contrast of a pure Lagrangian formulation given the large finite strains
observed in this type of fluid problems.

V.6. Representative Numerical Simulation-,

We present in this section two representative numerical simulations in finite strain
elastoplasticity and the sloshing of a viscous fluids. The staggered ALE technique just
discussed is employed. All the simulations use the well known Q1/P0 four node quadrilat-
eral element (bilinear displacements and constant mixed variables; see BREZZI & FORTIN
[1990]).

V.6.1. Impact of a circular bar

We consider in this section the dynamic impact of a circular bar on a rigid frictionless
wall. This is a commonly simulated test problem in the finite element literature and a

standard benchmark problem for transient dynamic computer codes. The problem was
originally studied both theoretically and experimentally by TAYLOR [1948], where a cor-
relation was obtained between the initial velocity of the bar and its final length. This
relationship depends critically upon the yield stress of the bar, leading to a useful method
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TABLE V.6.1 Impact of a circular bar. Assumed material properties
for Copper OFHC.

Bulk Modulus n 130.000 GPa
Shear Modulus IL 43.333 GPa
Flow Stress YO 0.12 GPa
Saturation Hardening y. 0.62 GPa
Hardening Exponent j 3.01
Density Po 8930. kg/m 3

TABLE V.6.2 Impact of a circular bar. Assumed material properties
for Aluminum 6061-T6.

Bulk Modulus n 58.33333 GPa
Shear Modulus A 26.92308 GPa
Flow Stress Yo 0.30 GPa
Saturation Hardening y•, 0.42 GPa
Hardening Exponent 6 28.60
Density PO 2700. kg/m 3

to determine experimentally the yield limit of the material under high strain-rate condi-
tions. WILKINS &• GUINAN [1973] extended this original work with further experiments

and numerical simulations. In particular, they developed the improved relation

pv = log 0 -h (V.6.1)
2Ouwg 1f - h'

where v0 is the initial velocity, lo is the initial length and If is the final lentn. The

parameter h is the mean position of the plastic front, which is assumed to be approximately
h - 0.121o, independent of the material properties. Finally, urg -is the yield limit of the

material under high strain-rate conditions. This stress parameter is correlated to fit the

experimental and numerical work in WILKINS & GUINAN [1973].

Based on the experimental results reported in WILKINS & GUINAN [1973], we consider

a bar of length 10 = 32.4 mm and a circular cross section of radius r0 = 3.2 mm. Two

materials are considered: pure copper (Copper OFHC) and a structural aluminum alloy

(Aluminum 6061-T6). The assumed material parameters are summarized in Tables V.6.1

and V.6.2, respectively. The contact with the rigid wall is assumed frictionless and non-

sticky, that is, with the bar free to rebound from the wall. The reference mesh for all the

simulations is shown in Figure V.6.1.

The time step used in the numerical calculations is At = 1.0 ,is. The Newmark

parameters are chosen as 8 = 0.5 and -y = 1.0. For the ALE calculation, the material
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remap X is determined using the Mooney-Rivlin energy function

Wd(F) = ½cl(Il - 3) + -C2 (I2 - 3) (V.6.2)

in (V.3.7) for the two principal invariants 11 and 12 of C = FTF. The value cI/c2 = 3
is assumed. The determination of X is based only on F 22. In other words, the smoother
performs calculations based on the assumption that F is of the form F := I + F 2 2 e 2 0 E 2.

Other components are not considered. This is the same methodology used for the necking
problem of the previous section.

The initial velocities considered in the numerical simulations are v0 = 0.210 mm/his
for the Copper OFHC, and v0 = 0.373 mm/Ms for the Aluminum 6061-T6. The final
deformed meshes obtained in fully Lagrangian simulations are shown in Figure V.6.2 for
both the Copper OFHC and Aluminum 6061-T6 specimens. Figure V.6.3 depicts the
spatial meshes obtained in the ALE simulations. We note that these deformed meshes do
not reflect directly the deformation of the material. They correspond to the deformations
from the material mesh, which is depicted in Figure V.6.4 for both cases. The distortion of
the mesh in the original Lagrangian simulation is avoided by rezoning the material domain.
The smaller distortion of the meshes in Figure V.6.3 is to be noted when compared with
the Lagrangian solutions in Figure V.6.2.

Figure V.6.5 includes a picture of some of the deformed specimens reported by WILKINS

& GUINAN [1973], together with the solutions computed in this work depicting the dis-
tribution of the equivalent plastic strain confirming the preceding observations. A good
agreement is observed on the final deformation of the specimens. It is interesting to note
the differences in the results between the aluminum and the copper. Note that the con-
tours of equivalent plastic strain for the copper bar are less concentrated in the impact
region than in the aluminum bar. The copper strain hardens much more than the alu-
minum, and thus the deformation in the copper bar is less concentrated and more diffuse.
The characteristic bulging of the specimen is to be noted. The aluminum hardens less
and over a smaller range of strain than the copper. Under these impact conditions, the
aluminum behaves essentially as a elastic-perfectly plastic with no hardening at an initial
yield stress of uoo. Upon impact, the aluminum hardens and reaches this limiting value
quickly. On the other hand, the copper does not reach the limiting value of ao. so quickly,
and thus assuming the copper to be elastic-perfectly plastic is not reasonable. The value
of crag is chosen less than u,, to account for the extensive ductility and wide range of
strain-hardening the copper undergoes.

Finally, Figure V.6.6 depicts a plot of the scaling law, equation (V.6.1), the computed
ALE solutions for the copper and the aluminum bars, and the reported experimental
results. A good correlation is found, validating the proposed ALE finite element methods.
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FIGURE V.6.2 Impact of a circular bar. Lagrangian solutions for
the Copper OFHC and Aluminum 6061-T6 bars.

Copper OFHC Aluminum 6061-T6

FIGURE V.6.3 Impact of a circular bar. ALE solutions for the Cop-
per OFHC and Aluminum 6061-T6 bars. The spatial mesh is shown.

Copper OFHC Aluminum 6061-T6

--------------

FIGURE V.6.4 Impact of a circular bar. ALE solutions for the
Copper OFHC and Aluminum 6061-T6 bars. The material remap is
•Nhnw
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Copper OFHC
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FIGURE V.6.5 Impac. of a circular bar. ALE numerical solutions for
the Copper OFHC and Aluminum 6061-T6 bars showing the equivalent
plastic strain, and the experimental results reported by WILKINS &
GUINAN [19731.
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FIGURE V.6.6 Impact of a circular bar. Comparison between com-
puted results, experiments and scaling law.
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FIGURE V.6.7 Fluid sloshing problem I. Normalized sloshing dis-
placement of viscous fluid.

V.6.2. Sloshing of a viscous fluid

We evaluate in this section the application of the ALE finite element method developed
in this work in the solution of contained flows of a viscous fluid as considered in Section
V.5. To this purpose, we consider a viscous fluid in a rectangular container. Frictionless
conditions with perfect stick are are assumed along the fluid-structure interfaces (i.e., the
fluid nodes are constrained to move along the solid walls). The length L of the container
is L = 0.8, and the initial depth D of the fluid is D = 0.3

The solid container is assumed rigid and subjected Uo a ground acceleration in the
horizontal direction. Equivalently, looking at the system from a reference system fixed
at the solid container, we apply the ground acceleration to the fluid through the external
force term in (V.3.1). We consider the harmonic ground acceleration

Ag(t) = ag sin(wt) , (V.6.3)

for a = 0.120, g = 9.81, w = 27rf anf f = 0.89. The viscous fluid is characterized by a
reference density p, = 1000, viscosity 77 = 100 and bulk modulus K = 1.08. 107 (for the
volumetric response function U(J) = 2 [(j 2 - 1)/2 - log J]).

We consider a finite element discretization of the fluid domain in 16 x 8 Qi/PO quadri-
lateral elements. Plane strain conditions are assumed. The Newmark parameters f3 = 0.5
and y = 1, including then a high-frequency dissipation, are considered with a fixed time
step of At = 0.01. We consider both fully Lagrangian and ALE numerical simulations.
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Lagrangian simulation: deformed mesh

ALE simulation: spatial mesh

ALE simulation: material remap

FIGURE V.6.8 Fluid sloshing problem I. Deformed meshes for the
Lagrangian and AlE simulations at time t = 5, showing the spatial
mesh and the material remap for the latter.
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Lagrangian simulation:

Min= 0.OOE+0O
Max = 1 .BOE+02
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X : .GOE+00
Y= 0.OOE+00

ALE simulation:

Min = 0.OOE+00
Max = 2.10Ei-02

3.OOE+01

6.OOE+0l
9.00 E+01
1 .20E+02

1.8011+02

Current View
Min= 1.23E+01
x . 3.17E-01
Y - 7.67E-02

Ma~x= 2.10E+02
X = 8.000-01
Y = 2 .21E-01

FIGURE V.6.9 Fluid sloshing problem I. Mises stress contours over
the deformed (spatial) meshes for the Lagrangian and ALE simulations
at time t = 5.

Ihhmh ETl.....,

FIGURE V.6.10 Fluid sloshing problem IH. Problem definition of a
top covered fluid container.
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FIGURE V.6.11 Fluid sloshing problem II. Lagrangian simulation:
deformed mesh at different times
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FIGURE V.6.12 Fluid sloshing problem II. ALE simulation: de-
formed spatial mesh at different times
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FIGURE V.6.13 Fluid slashing problem II. ALE simulation: material
remap at different times
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The latter are run with the staggered scheme presented in Section V.3. In particular,

the material remap X is determined using the Mooney-Rivlin energy function (V.6.2) in

(V.3.7) for the full deformation gradient. The values ci/c 2 = 3 are assumed again. The

smoothing is performed at every time step. The top surface is treated fully Lagragian

(i.e., no lateral material motion is allowed), whereas the lateral surface only the normal

component of the material remap is constrained to vanish.

Figure V.6.7 depicts the sloshing displacement of the upper right corner of the fluid

(coordinates {L, D}), normalized by the depth D, versus time t. We can observe that

the Lagrangian simulation is slightly more dissipative than the ALE sirmiulation. The

deformed mesh in the Lagrangian simulation at time t = 5 is shown in Figure V.6.8. If

the computation continues the finite elements at the lower right and left corners start

accumulating too much distortion. This situation is avoided by the ALE method, as

shown in the plot of the spatial mesh for this case in Figure V.6.8 as well. This distortion

is avoided by the smoothing in the material configuration, as shown in this same figure by

the material remap X. The contour plots of the Mises stress (i.e. 11 devr n) are shown in

Figure V.6.9 for both the Lagrangian and the ALE simulations.

To illustrate the use of the proposed ALE technique in the analysis of fluid-structure

interactions, we consider the same problem but with the reservoir covered by a flexible

solid top; see Figure V.6.10. The top cover has a thickness of 0.01 and is assumed elastic

following the logarithmic Hencky's law with a bulk modulus of 5.0 x 104, shear modulus of
2.5 x 104 and a density of 2.7 x 103. The contact interface between the fluid and the solid

top is assumed frictionless. It is resolved numerical through a Lagrangian contact scheme

(see AA).

Figure V.6.11 depicts the solution obtained in a pure Lagrangian simulation. The

cyclic interaction of the fluid with the top generates flexural waves in this top cover. We

can observe that the distortion of the finite elements accumulate, specially at tLe bottom

corners again. In fact, the deformed mesh at time t = 5.5 shows elements folding at these
corners. Figure V.6.12 depicts the spatial mesh obtained with the ALE simulation. A much

smoother can be observed, avoiding the extreme distortions in the Lagrangian simulation.
This is again accomplished by the consideration of the material remap as depicted in Figure
V.6.13.

V.7. Concluding Remarks

We have presented an Arbitrary Lagrangian-Eulerian (ALE) formulation for solid

mechanics which may be used for the finite element simulation of elasticity and plasticity

problems. The proposed method involves a fully implicit formulation, with a staggered

treatment of the advection of the internal variables. In particular, the direct use and

interpolation of the material map X has been shown to lead to a simplified treatment
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of the advection part, in contrast with existing procedures. Numerical simulations have
verified the validity of the approach. Current work includes the consideration of the fully
dynamic problem

Appendix V.1. Constitutive Models

We summarize in this appendix the specific constitutive models used in the numerical
simulations presented in Section V.6. For all the elasticity numerical simulations, we
consider the classical Mooney-Rivlin model for rubber elasticity, modified to allow for non-
isochoric response. Given a deformation gradient F, define F := det(F)- F. Let C:=
!TP. In the actual numerical implementations, we evaluate the constitutive response
using F defined in equation (V.2.38). Then, the free energy function W is given by

W(F) := cl [1(C) - 3] + c2 [12 () - 3] + K U(J) , (V.1.1)

where I, and 12 are the first and second invariants of a symmetric rank two tensor, respec-
tively, and J = det(F). Also, U(.) is the volumetric response function and cl > 0, c2 > 0
and n > 0 are fixed material parameters. We use U(J) _I (j - 1) - log(J). This is a12

convex function of the argument J.

For all the plasticity numerical simulations, we use a finite strain J2 flow theory
designed to mimic the classical model of infinitesimal elasto-plasticity. It is the same
model as discussed in section 5 of SIMO [1992]. Define {cE, E, c'} as the principal values
of 1logbe. These are the principal logarithmic elastic stretches. Next, define

S. (V .1.2)

Let
K +ApK 2,LK - 2 L

a:=K + 11K K (V.1.3)iP Kp K+'JL

where K > 0 and p > 0 are two material constants. Let

)3 := are: (V.1.4)

be the principal Kirchhoff stresses ( the principal values of r

The model of plasticity is given by
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1. Hyperelastic resonse defined by free energy function

W() - (1.5)
2

2. von Mises yield criterion

¢(r, q) HdevI3I- -q < 0, (1.6)
3-

3. Saturation Isotropic Hardening:

q(ý) := ao. + (Or0 - .o>)exp(-6ý) + Hý, (1.7)

where a0 , o>.,, 6 and H are prescribed material parameters.

4. Associative Evolution Equations:

Cb : -2A [-1 F) GP, (1.8)

2:=A (1.9)

e3

with o/car = dev ,/I[i311 in the principal directions.

The model Is implemented numerically using an exponential return mapping approach.
The readc. may consult CUITINO & ORTIz [1992] and SIMo [1992] for more detailed
information.

Appendix V.2. Numerical Implementation of Three Dimensional
Elasticity

The discussion in this section focuses on the finite element implementation of finite

strain elasticity within an ALE context. The discussion is very similar to that of YAMADA
& KIKUCHI [1993]. In this paper, the authors discuss the equations within a two field

variational context. Here, we shall discuss a three field approach to the problem. The

discussion here assumes a fully coupled solution strategy to the elasticity problem.

V.2.1. Preliminaries
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Assume there exists a fixed Cartesian coordinate system for our problem which all

three domains ( reference, material, spatial ) share. In such a case, introduce displacement

fields uX and up such that
X=m+ux (V.2.1)

and
x = m + u± (V.2.2)

where m is the reference coordiPate, X is the material coordinate and x is the spatial

coordinate. This then gives

FX = GRADm[X] = 1 + GRADm[uX] (V.2.3)

and
Fl = GRADm [x] = 1 + GRADm [uo]. (V.2.4)

The fields uX and up shalll be discretized using standard finite element interpolations.
Let Aux be an arbitrary increment to uX and let Au, be an arbitrary increment to

uO. For future use, define

AF:= [dF(up +aAuo,ux+±Aux)1 (V.2.5)

and
I, := (AF) F-'. (V.2.6)

After some manipulations, one may produce the result

lz, = zradx[AuO] - Fgradx[AuX] (V.2.7)

Assume there exists an isothermal free energy function W(F) describing the consti-
tutive response of the elastic material. Defining r as the Kirchhoff stress tensor, one has
the well known result

=wFT (V.2.8)
r =OF

This constitutive response will produce, upon time differentiation, a rank four tensor D(F)
such that f- = Dl where 1:= PF-1 is the spatial velocity gradient.

V.2.2. Linearizations

In this section we give the consistent linearizations of the three weak equations (V.2.35)

- (V.2.37). We have previously defined Au, and Aux. Let AO and Ap be arbitrary
increments to 0 and p, respectively. Note that the volume element df2 0 is not constant in
this case, but can be related to the constant reference volume element by dQ 0 = JX d.M.
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V.2.2.1. Linear Momentum
The linearization of the linear momentum equation yields the terms

TANGENT = - J grad x[7?] grad x[Au p] :[]Idev + pJ 1] d2 0

± J grad, [71] [Idevldev "+ pJ 1 ® 1] 1Au dS2o

+ J gradx..[t] (d,,I~1 A--,do

+ f gradx[ji] J1Apdfo10

+fJ gradx[77] [(Idev±F'+PJ1) ®FT gradx[AuX]dS°. (V.2.9)
20

V.2.2.2. Constitutive Equation for Pressure
The linearization of the constitutive equation for p yields the terms

TANGENT = JO0 -+(.-: 1) + +(51: 1)] AO dao

± 120 1 [fIdev5Tl I 'A,, dQ0

* 10 o [r 3: 1 - ] FT :grad. [ZuX] dS20

+ f 06Apdno. (V.2.10)
"0

V.2.2.3. Compatibility Equation for Theta
The linearization of the compatibility equation for 0 generates the terms

TANGENT =1 S pJl : grad.[AuVb] dS2°20

-f 6p OFT : grad. [Aux] df2o

-f •p AO ?df2o. (V.2.11)

Remarks V.2.1.
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1. In general, the system tangent matrix is unsymmetric.

2. The pure Lagrangian formulation is easily recovered by setting uX := 0, so that X

id. In this case, F = F¢. Additionally, all terms involving grad.[AuX] in the tangent

terms are to be neglected. In particular, we get the simplification 1lu = gradx[Auo].

V.2.3. Augmented Lagrangian modifications

The augmented Lagrangian technique to be presented here is reviewed within the

purely Lagrangian finite element setting in SIMO & TAYLOR [1991]. We wish to enforce

the constraint of incompressibility upon this formulation of finite strain elasticity. To that

end, assume that the free energy function may be additively decomposed such that

W(F) = IV (det[F]-½ F) + rU (det[F]) (V.2.12)

where r, > 0 is a penalty parameter, WV is a free energy function based on the isochoric
component of F and U is a scalar convex function of the determinant of F. If W(F) is
evaluated, the result is

W(F) = WV (J- F) + iVU(0). (V.2.13)

The constraint chosen is h(0) := 0 - 1 = 0. Other equivalent forms for the function h may

be chosen. For example, h(O) = log(0) is also a suitable choice. The requirements for h
are simply that h(1) = 0 and that h'(1) 5 0.

Towards enforcement of said constraint, add the following term to the potential energy
expression H:

Io AAh(O) df2o, (V.2.14)

where AA is the augmented Lagrangian parameter. Thus, the constitutive equation for
pressure becomes

50 [-: p±AAh'(O)j d7o =0 (V.2.15)

0 30

This produces two extra tangent terms, which are

TANGENT = J A0 AAFT : grad[x[Aux] df20

+IS0 J h"(1) AOd 2o. (V.2.16)

The actual implementation of the augmented Lagrangian technique involves a nested

iteration process. First, for a given time step, an initial value of AA is chosen. One usually
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chooses the converged value from the previous global time step. Next, the above equations
are golved with this fixed value of AA. After convergence is achieved, the parameter is
updated using the equation

AA AA(i) + K h(9(t)) (V.2.17)

where the equations have been solved at augmented Lagrangian iteration (i) and the
analysis is to advance to iteration (i + 1). This process continues until the constraint is
satisfied to some chosen numerical tolerance. The convergence rate towards the constraint
is expected to be linear. Then, we may advance to the next global time step.
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